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ABSTRACT
This article presents a new model for valuing financial contracts subject to credit risk and collateralization.
We study credit default swap (CDS) contract subject to counterparty risk. There are three credit risk factors
in CDS. They are credit risks from the buyer, seller and reference entity. We show that default dependency
has a significant impact on the value of CDS. We also show that a fully collateralized CDS is not equivalent
to a risk-free one. In other words, full collateralization cannot eliminate counterparty risk completely in the

CDS market.
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1 Introduction

There are two primary types of models that attempt to describe default processes in the literature:
structural models and reduced-form (or intensity) models. Many practitioners in the credit trading arena
have tended to gravitate toward the reduced-from models given their mathematical tractability.

Central to the reduced-form models is the assumption that multiple defaults are independent
conditional on the state of the economy. In reality, however, the default of one party might affect the default
probabilities of other parties.

The main drawback of the conditionally independent assumption or the reduced-form models is
that the range of default correlations that can be achieved is typically too low when compared with empirical
default correlations (see Das et al. (2007)). The responses to correct this weakness can be generally
classified into two categories: endogenous default relationship approaches and exogenous default
relationship approaches.

The endogenous approaches include the contagion (or infectious) models and frailty models.
Contagion and frailty models fill an important gap but at the cost of analytic tractability. They can be
especially difficult to implement for large portfolios.

Given a default model, one can value a risky derivative contract and compute credit value
adjustment (CVA) that is a relatively new area of financial derivative modeling and trading. CVA is the
expected loss arising from the default of a counterparty.

Collateralization as one of the primary credit risk mitigation techniques becomes increasingly
important and widespread in derivatives transactions. According the ISDA (2013), 73.7% of all OTC
derivatives trades (cleared ad non-cleared) are subject to collateral agreements. For large firms, the figure
is 80.7%. On an asset class basis, 83.0% of all CDS transactions and 79.2% of all fixed income transactions
are collateralized. For large firms, the figures are 96.3% and 89.4%, respectively.

This paper presents a new framework for valuing defaultable financial contracts with or without

collateral arrangements. The framework characterizes default dependencies exogenously, and models



collateral processes directly based on the fundamental principals of collateral agreements. For brevity we
focus on CDS contracts, but many of the points we make are equally applicable to other derivatives. CDS
has trilateral credit risk, where three parties — buyer, seller and reference entity — are defaultable.

In general, a CDS contract is used to transfer the credit risk of a reference entity from one party to
another. The risk circularity that transfers one type of risk (reference credit risk) into another (counterparty
credit risk) within the CDS market is a concern for financial stability. Some people claim that the CDS
market has increased financial contagion or even propose an outright ban on these instruments.

The standard CDS pricing model in the market assumes that there is no counterparty risk. Although
this oversimplified model may be accepted in normal market conditions, its reliability in times of distress
has recently been questioned. In fact, counterparty risk has become one of the most dangerous threats to
the CDS market. For some time now it has been realized that, in order to value a CDS properly, counterparty
effects have to be taken into account (see ECB (2009)).

First, the value of CDS contracts tends to move very suddenly with big jumps, whereas the price
movements of IRS contracts are far smoother and less volatile than CDS prices. Second, CDS spreads can
widen very rapidly. Third, CDS contracts have many more risk factors than IRS contracts. In fact, our model
shows that full collateralization cannot eliminate counterparty risk completely for a CDS contract.

The rest of this paper is organized as follows: Pricing multilateral defaultable financial contract is
elaborated on in Section 2; numerical results are provided in Section 3; the conclusions are presented in

Section 4. All proofs and some detailed derivations are contained in the appendices.

2 Pricing Financial Contracts Subject to Multilateral Credit Risk
We consider afiltered probability space (2, 7, {#}.,, 7 ) satisfying the usual conditions, where
Q denotes a sample space, # denotes a ~ -algebra, 7 denotes a probability measure, and {7},

denotes a filtration.



In the reduced-form approach, the stopping (or default) time =, of firm i is modeled as a Cox

arrival process (also known as a doubly stochastic Poisson process) whose first jump occurs at default and

is defined by,
7, = inf{t [ h(s.z)ds> Hi} )

where h,(t) or h (t,z,) denotes the stochastic hazard rate or arrival intensity dependent on an exogenous
common state z, , and H; is a unit exponential random variable independent of z .

It is well-known that the survival probability from time t to s in this framework is defined by
0.(t,s) = R(r>s|r>t,Zt)=em(—jtshi (u)du) (2a)
The default probability for the period (t, s) in this framework is given by
q(ts)=P(r<s|r>t2)=1-p.(t,5) :1—e>§0(—.|'tshi (u)du) (2b)

There is ample evidence that corporate defaults are correlated. The default of a firm’s counterparty
might affect its own default probability. Thus, default correlation/dependence occurs due to the
counterparty relations.

The interest in the financial industry for the modeling and pricing of multilateral defaultable
instruments arises mainly in two respects: in the management of credit risk at a portfolio level and in the
valuation of credit derivatives. Central to the valuation and risk management of credit derivatives and risky
portfolios is the problem of default relationship.

Let us discuss a three-party case first. A CDS is a good example of a trilateral defaultable instrument
where the three parties are counterparties A, B and reference entity C. In a standard CDS contract one party
purchases credit protection from another party, to cover the loss of the face value of a reference entity
following a credit event. The protection buyer makes periodic payments to the seller until the maturity date
or until a credit event occurs. A credit event usually requires a final accrual payment by the buyer and a

loss protection payment by the protection seller. The protection payment is equal to the difference between



par and the price of the cheapest to deliver (CTD) asset of the reference entity on the face value of the
protection.

A CDS is normally used to transfer the credit risk of a reference entity between two counterparties.
The contract reduces the credit risk of the reference entity but gives rise to another form of risk:
counterparty risk. Since the dealers are highly concentrated within a small group, any of them may be too
big to fail. The interconnected nature, with dealers being tied to each other through chains of OTC
derivatives, results in increased contagion risk. Due to its concentration and interconnectedness, the CDS
market seems to pose a systemic risk to financial market stability. In fact, the CDS is blamed for playing a
pivotal role in the collapse of Lehman Brothers and the disintegration of AlG.

For years, a widespread practice in the market has been to mark CDS to market without taking the
counterparty risk into account. The realization that even the most prestigious investment banks could go
bankrupt has shattered the foundation of the practice. It is wiser to face frankly the real complexities of
pricing a CDS than to indulge in simplifications that have proved treacherous. For some time now it has
been realized that, in order to value a CDS properly, counterparty effects have to be taken into account.

Let A denote the protection buyer, B denote the protection seller and C denote the reference entity.
The binomial default rule considers only two possible states: default or survival. Therefore, the default

indicator v, for firm j (j = A or B or C) follows a Bernoulli distribution, which takes value 1 with default
probability ¢, , and value O with survival probability p, . The marginal default distributions can be

determined by the reduced-form models. The joint distributions of a multivariate Bernoulli variable can be
easily obtained via the marginal distributions by introducing extra correlations. The joint probability

representations of a trivariate Bernoulli distribution (see Teugels (1990)) are given by

Pooo =P(Ya =0,Yg =0,Yc =0) = paPs Pc + Pcoas + Peoac + Padec —Fasc (3a)
P1oo = P(Ya =1Yg =0,Yc =0)=0aPgPc —PcOas — PeOac +daCsc +Oasc (3b)
Poo =P(Ya =0,Yg =1Yc =0) = pads Pc — PcOag +Us0ac — PaCsc +Farc (3¢)
Poo1 = P(Ya =0,Yg =0,Yc =1) = paPgac +Ucoas —PeOac — PaCsc +0asc (3d)



P10 =P(Ya =1Yg =1Yc =0)=0a0g Pc + PcOag —AsFac —~UaTsc —Pasc (3e)

Pro1 =P(Ya=1Yg =0,Yc =1)=0aPg0dc —Ucoas + Pedac ~Ua0ec —Fasc (3f)
Po11 =P(Ya =0,Yg =1Yc =1) = padsdc —Ucoas —Us0ac + PaCsc —Fasc (39)
P11 =P a =1Yg =LYc =) =0a0gdc +UdcOas +Us0ac +Ua0sc +YaBC (3h)
where
Onsc = E((Ya ~Aa)(Ys ~0s)(Yc —0c)) (3i)

Equation (3) tells us that the joint probability distribution of three defaultable parties depends not

only on the bivariate statistical relationships of all pair-wise combinations (e.g., aij) but also on the

trivariate statistical relationship (€.9., 6,..)- 6,sc

was first defined by Deardorff (1982) as comvariance,
who use it to correlate three random variables that are the value of commodity net imports/exports, factor
intensity, and factor abundance in international trading.

We introduce the concept of comvariance into credit risk modeling arena to exploit any statistical
relationship among multiple random variables. Furthermore, we define a new statistic, comrelation, as a

scaled version of comvariance (just like correlation is a scaled version of covariance) as follows:

Definition 1: For three random variables X ,, X, and X., let u,, ug, and x4 denote the means of x,,

Xg, and X.. The comrelation of X,, X, and X. is defined by

E[(XA_,UA)(XB —1g)(Xc —/Jc)] 4)

¢aBC =
VEIX a —s1al® <E|X g — 5 * < ElX ¢ — pic [

According to the Holder inequality, we have

‘E((XA = Ha)(Xg — 15)( X _ﬂc))‘ S E‘(XA — 1) (Xg — 215 )(X ¢ _/Jc)‘ (5)
<EX, — % E|Xg — s < EIXc — s

Obviously, the comrelation is in the range of [-1, 1]. Given the comrelation, Equation (3i) can be

rewritten as



Opse = E((YA —0ga)(Ys —dg)(Xc — QC)) = §ABC§/E|YA - qA|3 X E|YB - qB|3 x E|Yc - QC|3

(6)
= £ aac)| PadA(PE + 02) Pat (P + 63) Pedc (E+2)|
3 -
where £(v,) =q, and EY; -q;| = p;q;(p} +q?), j=A, B, or C.
If we have a series of n measurements of X,, Xy, and X. writtenas x,, x; and x,; where i =
1,2,...,n, the sample comrelation coefficient can be obtained as:
n
ia (Xai = #a) (Xgi — 118) (Xci — 44c )
é/ABC: Z|,1 Ai A Bi B Ci C (7)

n 3 n 3 n 3
%/Ziﬂ'XAi —ual” >} D Xei = pas| X D [Xei — e
More generally, we define the comrelation in the context of n random variables as

Definition 2: For n random variables X,, X,,..., X, , let ., denote the mean of X, where i=1,..,n. The

comrelation of X,, X,,..., X, isdefined as

n

E[(Xl_ﬂl)(xz_ﬂz)'“(xn_,Un)] (8)

§12...n: p p p
VEIX, — )" < E[X 5 — o] -+ <E[X , — 1

Correlation is just a specific case of comrelation where n = 2. Again, the comrelation ¢,  isin
the range of [-1, 1] according to the Holder inequality.
2.1 Risky valuation without collateralization
Recovery assumptions are important for pricing credit derivatives. If the reference entity under a
CDS contract defaults, the best assumption, as pointed out by J. P. Morgan (1999), is that the recovered

value equals the recovery rate times the face value plus accrued interest!. In other words, the recovery of

YIn the market, there is an average accrual premium assumption, i.e., the average accrued premium is half

the full premium due to be paid at the end of the premium.



par value assumption is a better fit upon the default of the reference entity, whereas the recovery of market
value assumption is a more suitable choice in the event of a counterparty default?.
Let valuation date be t. Suppose that a CDS has m scheduled payments represented as

X;i =—sN&(T,_,T;) with payment dates T, ,...,T,, where i=1,,,m, 5(T_,,T,) denotes the accrual factor for
period (1., T,), N denotes the notional/principal, and s denotes the CDS premium. Party A pays the

premium/fee to party B if reference entity C does not default. In return, party B agrees to pay the protection
amount to party A if reference entity C defaults before the maturity. We have the following proposition.

Proposition 1: The value of the CDS is given by
vo=Yr T om mokiz [ LT Som k. R 1)1 (%2)

where t =T, and

O(Tj vTj+1) = l(V(TJ+l)+x,+l)zo P (Tj 1Tj+1) +1(V(TJ+1)+><J-+1)<0¢A (Tj 1Tj+1) (gb)

Pa (T3 T102) = 1Pa (T3 T3 Po (T T Pe (T3 T3) + 0a (T ) P (T T) P (T T (T)
+ pA(Tj ’Tj+1)qB (Tj ’Tj+1) Pc (Tj iTj+1)¢7A(Tj+1) +qA(Tj 7Tj+1)qB(Tj 7Tj+1) Pc (Tj 7Tj+l)(pAB (Tj+1)
e (17,006 (T, )= 0u (T, = 271 + 0,6 (T,.0)) (%)
+O—AC(TJ7TJ+1)[pB(T]’TJ+l)(1 (/’A(TJ+1))+qB(rJ:T1+1)(¢A J+1) ¢AB(TJ+1))]
+O_BC(TJ'TJ+1)[pA(TJ'TJ+1)(1 ¢A(T]+l))+qA(TJ’TJ+l)(¢)A J+l) §0AB(TJ+1))]
+0ABC(Tj!Tj+1)(_1+¢)A(Tj+l)_¢AB(Tj+1)+¢A(Tj+1))}D(Tj'Tj+1)

G (T, T1) = P T Pe (T T Pe (T, T5) + 0 (T, T4) Pe (T3 T Pe (5,700 (T)
+ Pa (rj ’Tj+1)qB (I—j lTj+1) Pc (Tj :Tj+1)(03 (I—j+1) + qA(Tj lTj+1)qB (Tj 1Tj+1) Pc O-j vTj+1)¢AB (rj+1)
P (.T308 (T T 05 (T) = P (T10) + 0,6 (T 1)) (9d)
£, (1T L) [Pe (T )= (1)) + 0 (T, T 1) (06 (T.0) — 00 (1) )]
0o (T T )Pl T )= 00 (7)) G (T, T 1)@ (T2~ 06 (T,
+0(T, .T,-+1)(—1+ Ps(Ti1) —0ne(Ti1) + 08 (fm))}D(T; Tha)

2 Three different recovery models exist in the literature. The default payoff is either i) a fraction of par
(Madan and Unal (1998)), ii) a fraction of an equivalent default-free bond (Jarrow and Turnbull (1995)), or
iii) a fraction of market value (Duffie and Singleton (1999)).



T} T30) = 1P (T3 Ty) Po (T 7)o (T3 T) + G (T 1) P (T3 T30 (T 1) (T50)
+ Py (Tj !Tj+1)qB (Tj ’Tj+1)% (Tj :Tj+1)¢7a (Tj+1) + qA(Tj ’Tj+l)qB (Tj ’Tj+1)qC (Tj lTj+1)¢’AB (Tj+1)
+0c (Tj lTj+1)GAB (Tj vTj+1)(1_ Pg (Tj+1) — Py (rm) +Ppp (Tj+1)) (%)
~Onc (Tj !Tj+1)[pB (Tj vTj+1)(l_ ?g (Tj+l))+ Ug (Tj ’Tj+1)(¢)8 (Tj+1) ~Pas (Tj+1))]
—Oge (Tj !Tj+1)[pA(Tj :Tj+1)(1_ (2 (Tj+1))+ qA(Tj ’Tj+1)(aB (Tj+1) —Pps Uju))]
+0psc (Tj vTj+1)(l_ g (Tj+1) + Ppg (rj+1) —Ps (Tj+1))}D(Tj :Tj+1)

where R(T,,T,.,) = (N@— e (T,.0))— (T}, T,.0))» @(T,,Tp0) = NS (T, T) /2, 8nd X, = —sNS(T,, T,,,)-

Proof: See the Appendix.

We may think of O(t,T) as the risk-adjusted discount factor for the premium and Q(t,T) as the risk-

adjusted discount factor for the default payment. Proposition 1 says that the pricing process of a multiple-
payment instrument has a backward nature since there is no way of knowing which risk-adjusted
discounting rate should be used without knowledge of the future value. Only on the maturity date, the value
of an instrument and the decision strategy are clear. Therefore, the evaluation must be done in a backward
fashion, working from the final payment date towards the present. This type of valuation process is referred
to as backward induction.

Proposition 1 provides a general form for pricing a CDS. Applying it to a particular situation in

which we assume that counterparties A and B are default-free, i.e., p, =1, q,=0, p=0, and ¢, =0,
where j=A or B and k, I=A, B, or C, we derive the following corollary.

Corollary 1: If counterparties A and B are default-free, the value of the CDS is given by

vey= 3" El[T o, Tz S el[T 2o, ok, Tra, . 1) 7
=3" EDET) pe . T)X|F ]+ 3 E[DET) pe . T,0)de Ty, TR T F:

(10)

where O(T,_,,T,) = D(T.,, T,) pc (T,1, T,) 3 Tig, Ti) = D(Tig, T)ac (Tig, Ti) -
The proof of this corollary becomes straightforward according to Proposition 1 by setting p,, =0,
q)AB = 0, Sasc = 0, pj =1, qj =0, pC(tlTi) =Hi§;jo p(Tg!Tg+l) ’ and D(t!TI) = Hig;lo D(Tg’Tg+l) .

If we further assume that the discount factor and the default probability of the reference entity are

uncorrelated and the recovery rate ?c is constant, we have



Corollary 2: Assume that i) counterparties A and B are default-free, ii) the discount factor and the default

probability of the reference entity are uncorrelated; iii) the recovery rate ,_ is constant; the value of the
CDS is given by

V(t) =21 POT) e (6T )T (Ta TN - ¢ ) - a(Ti_0,T)) - 207, PT) Be (6. TSN S(T 1, i) (11)

where pt,T,) = E[D(t,T)|_%] denotes the bond price, ﬁc(t,Ti)=E[pc(t,Ti)\j‘}], G, T,)=1- P.(t.T,)

P, Tiy)q(Tia, Ti) =Pt Tiy) — PET;) -
This corollary is easily proved according to Corollary 1 by setting g[xy|_%]= E[x|_#E[v|_%] When

Xand Y are uncorrelated. Corollary 2 is the formula for pricing CDS in the market.
Our methodology can be extended to the cases where the number of parties N > 4. A generating
function for the (probability) joint distribution (see details in Teugels (1990)) of n-variate Bernoulli can be

expressed as
- -1 -1
p(™ — Pn ® Pn1 ®...® P O (12)
q, 1 Oy 1 q 1

where ® denotes the Kronecker product; p(n)={p§n) } and o ={J|E")} are vectors containing 2"

components: p"” = Pk, » K =1+Zin:1ki2i_l, kel o =04 ko, = E(H?:l(Yi —q)f )

2.2 Risky valuation with collateralization

Collateralization is the most important and widely used technique in practice to mitigate credit risk.
The posting of collateral is regulated by the Credit Support Annex (CSA) that specifies a variety of terms
including the threshold, the independent amount, and the minimum transfer amount (MTA), etc. The
threshold is the unsecured credit exposure that a party is willing to bear. The minimum transfer amount is
the smallest amount of collateral that can be transferred. The independent amount plays the same role as
the initial margin (or haircuts).

In a typical collateral procedure, a financial instrument is periodically marked-to-market and the

collateral is adjusted to reflect changes in value. The collateral is called as soon as the mark-to-market



(MTM) value rises above the given collateral threshold, or more precisely, above the threshold amount plus
the minimum transfer amount. Thus, the collateral amount posted at time t is given by

- [VO-HO if V(1) > H(t) (13)
1o otherwise

where H(t)is the collateral threshold. In particular, H(t)=0corresponds to full-collateralization; H >0

represents partial/under-collateralization; and H <0 is associated with over-collateralization. Full
collateralization becomes increasingly popular at the transaction level. In this paper, we focus on full

collateralization only, i.e., C(t) =V (t).

The main role of collateral should be viewed as an improved recovery in the event of a counterparty
default. According to Bankruptcy law, if there has been no default, the collateral is returned to the collateral
giver by the collateral taker. If a default occurs, the collateral taker possesses the collateral. In other words,
collateral does not affect the survival payment; instead, it takes effect on the default payment only.

Collateral posting regimes are originally designed and utilized for bilateral risk products, e.g., IRS,
but there are many reasons to be concerned about the success of collateral posting in offsetting the risks of
CDS contracts. First, the values of CDS contracts tend to move very suddenly with big jumps, whereas the
price movements of IRS contracts are far smoother and less volatile than CDS prices. Second, CDS spreads
can widen very rapidly. The amount of collateral that one party is required to provide at short notice may,
in some cases, be close to the notional amount of the CDS and may therefore exceed that party’s short-term
liquidity capacity, thereby triggering a liquidity crisis. Third, CDS contracts have many more risk factors

than IRS contracts.

% There are three types of collateralization: Full-collateralization is a process where the posting of collateral
is equal to the current MTM value. Partial/under-collateralization is a process where the posting of collateral
is less than the current MTM value. Over-collateralization is a process where the posting of collateral is

greater than the current MTM value.
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We assume that a CDS is fully collateralized, i.e., the posting of collateral is equal to the amount

of the current MTM value: C(t) =V (t) . For a discrete one-period (t, u) economy, there are several possible
states at time u: i) A, B, and C survive with probability p,,,. The instrument value is equal to the market
value v (u) ; ii) A and B survive, but C defaults with probability p,,,. The instrument value is the default
payment R(u) ; iii) For the remaining cases, either or both counterparties A and B default. The instrument
value is the future value of the collateral V (t)/ D(t,u) (Here we consider the time value of money only).

The value of the collateralized instrument at time t is the discounted expectation of all the payoffs and is

given by

V (©) = E{D(t, u)[ oo (. W)V (u) + Py (1, )R (W)
+(p100(t’u)+ Poio(tU) + Prgo (8, U) + Pry (8, U) + Poga (t,U) + plll(t!u))v (t)/ D(t’u)]|ﬁ} (14a)
= E{[D(t,u)(pooo(t’U)V (s)+ p001(t1U)R(U))+(1_ Pooo(t, 1) — p001(t,u))v (t)]U:t}

or

E[(pa(t,u) pg (t,U) + o (1) 7 V (1)
= E{[D(t, u)(pc (t, u)V (U) + e (&, UR(U))(P A (L, U) P (t,U) + o pg (£, U)) (14b)
+D(t,u)(V (u) — RW))(pg (t, U)o pc (t,U) + Pa (L, U)oge (t,U) — Oppc (t,U))] 7 |

If we assume that (pa(t,u)pg(t,u) +oag(t,u)) and D(t,u)(pe (t, u)V (U) +ge (t,u)R(u)) are

uncorrelated, we have

V(t)=VF(t) +&ppc (tU) wag(t,u) (15a)

where
VF () = ED(t,u)[ pe (UM (u) + G (L WRW)] L7 | (15b)
v aa(tu) = E{[pat U)pg (L U) +0p (L) 75 | (15¢)

Sapc(til) = E{[D(t, u) (pB (t,U)oac (t,u) + pa(t,U)opc (t,U) = Oppc (t, U))(V (u) - R(U))]VZ‘} (15d)

The first term v F (t) in equation (15) is the counterparty-risk-free value of the CDS and the second

term is the exposure left over under full collateralization, which can be substantial.
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Proposition 2: If a CDS is fully collateralized, the risky value of the CDS is NOT equal to the counterparty-
risk-free value, as shown in equation (15).

Proposition 2 or equation (15) provides a theoretical explanation for the failure of full
collateralization in the CDS market. It tells us that under full collateralization the risky value is in general
not equal to the counterparty-risk-free value except in one of the following situations: i) the market value

is equal to the default payment, i.e., V (u) = R(u) ; ii) firms A, B, and C have independent credit risks, i.e.,

Pjj =0 and gpgc =0 or iii) the following relationship holds pgoac + Pacac = Oasc -

4 Conclusion

To capture the default relationships among more than two defaultable entities, we introduce a new
statistic: comrelation, an analogue to correlation for multiple variables, to exploit any multivariate statistical
relationship. Our research shows that accounting for default correlations and comrelations becomes
important, especially under market stress. The existing valuation models in the credit derivatives market,
which take into account only pair-wise default correlations, may underestimate credit risk and may be
inappropriate.

We study the sensitivity of the price of a defaultable instrument to changes in the joint credit quality
of the parties. For instance, our analysis shows that the effect of default dependence on CDS premia from
large to small is the correlation between the protection seller and the reference entity, the comrelation, the
correlation between the protection buyer and the reference entity, and the correlation between the protection
buyer and the protection seller.

The model shows that a fully collateralized CDS is not equivalent to a risk-free one. Therefore, we
conclude that collateralization designed to mitigate counterparty risk works well for financial instruments

subject to bilateral credit risk, but fails for ones subject to multilateral credit risk.

Appendix
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Proof of Proposition 1. Let t =T,. On the first payment date T,, let v (T,) denote the market
value of the CDS excluding the current cash flow X, . There are a total of eight (2° =8) possible states

shown in Table A 1.

Table A_1. Payoffs of a trilaterally defaultable CDS

This table shows all possible payoffs at time 1,. In the case of v/(T,) + X, >0 where Vv (T,) is the market
value excluding the current cash flow X, , there are a total of eight (2° =8) possible states: i) A, B, and C
survive with probability p,,,. The instrument value equals the market value: v (T,) + X, . ii) A defaults,
but B and C survive with probability p,,,. The instrument value is a fraction of the market value:
7, (T)(V (1) + X,) where g, represents the non-default recovery rate of party B*. 5, =0 represents the one-
way settlement rule, while g, =1 represents the two-way settlement rule. iii) A and C survive, but B defaults
with probability pg,, . The instrument value is given by o, (T,)(V (T,) + X,) Where ¢, represents the default
recovery rate of defaulting party B. iv) A and B survive, but C defaults with probability p,,,. The instrument
value is the default payment: r(t,,7,). V) A and B default, but C survives with probability p,,,. The
instrument value is given by ¢, (T,)(\V(T,) + X, ) where ¢, denotes the joint recovery rate when both
parties A and B default simultaneously. vi) A and C default, but B survives with probability p,,,. The
instrument value is a fraction of the default payment: 7, (T)R(T,,T,). Vii) B and C default, but A survives

with probability p,,,, The instrument value is given by ¢_(T)R(T,,T,). Viii) A, B, and C default with

4 There are two default settlement rules in the market. The one-way payment rule was specified by the
early ISDA master agreement. The non-defaulting party is not obligated to compensate the defaulting party
if the remaining market value of the instrument is positive for the defaulting party. The two-way payment
rule is based on current ISDA documentation. The non-defaulting party will pay the full market value of

the instrument to the defaulting party if the contract has positive value to the defaulting party.
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probability p,,,. The instrument value is given by, (T)R(T,,T,)- A similar logic applies to the case of

V(T)+ X, <0.
Status Probability Payoff if V(T,)+ X, >0 Payoff if V(T,)+ X, <0
Y,=0,Y;=0,Y, =0 Pooo V(T)+ X, V(T,)+ X,
Ya=1Yg =0Yc =0 | Py P MV (M) +X,) P MV M) +X,)
Ya=0Ys =LY, =0 Poio 25 MV () +X,) ATV (M) +X,)
Y,=0,Y, =0,Y. =1 Poor R(T,.T,) R(T,.T,)
Ya=LYg =1Y. =0 Pi1o Pas M)V () +X,) Pas M)V () +X,)
Yy =LYy =0,Y, = P01 Ps (MR(T,.T,) Ps (MR, T,)
Ya=0,Yg =LY, =1 Pos 2s (MR, T,) 22 (MR(T,,T,)
Ya=1Yg =LY, = P11 P MR, T,) P MR, T,)

The risky price is the discounted expectation of the payoffs and is given by

V(1) = E{ Ly 0 {(Poco (To s o) + Paoo (T, T)@s (Ty) + Poo (T, T) (1) + Py (T, T)@e TV (T,) + X )| F, )
+ Ly ryexo{ (Pooo (T To) + Pago (T, T2 (T) + Paso (To TP (T) + Puso (T, T) s (T XV (T) + X,)| F; )

+ (Poos (To T+ Py (T, TP (1) + Poss (Tor T)@a (1) + Py (T, T e (T))R(T, T)LF, P, T))

= E{O(T,, OV (T) + X,) + (T, TOR, )] 7 |

where

O(To ’Tl) :1(V(T1)+Xl)20 ¢B (To ‘Tl) +10/ (Ty)+X,)<0 ¢A (To le)

62 (T0.T) = {pa (T, T Pa (To, T) Pe (To, T) + 0 (To T Pe (To, T2) Pe (T )9 (T2)

+ pA(TO1Tl)qB (TO 7T1) pC (TO lTl)aA(Tl) + qA(TO YTl)qB (TO’T]_) pC (TO !T1)¢AB (Tl)

+ P (To, Ty)ons (T ’Tl)(l_ Pa(T) —Pa(T)) + g (T1))

+ouc(To ’Tl)[pB (T, ’Tl)(l_ ¢A(Tl))+ ds (To 'Tl)((EA(Tl) —@ps(Th)
+Ogc (TO’Tl)[pA(TO’Tl)(l_ P (Tl))+ (T, lTl)((DA (M) — Pas (Tl))]

)

+ e (T ’Tl)(_1+ Pa(T)) — s () + 4 (Tl))}D(TO’Tl)

(Ala)

(ALb)

(Alc)
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AUNIE {pA(TO’Tl) Pe (To: To) Pe (To, T1) + 0, (To, Ty) Pe (To, To) Pe (To, T1) 25 ()
+ PA (T T)As (To, To) Pe (To, T) s (T) + A (To, T1) e (To, Ty) Pe (To, T @ (T1)
+Pe (To, T)o s (To vT1)(1_ P25 (1) = @5 (1) + @ps (Tl)) (Ald)
TO0ac (T07T1)[p3 (TO’Tl)(l_(ZB (Tl))+qB (T01T1)(¢’B (Tl)_CDAB(Tl))]
+0gc (TO’TI)[pACI-O’Tl)(l_(DB (rl))—i_qA(TO’Tl)(aB (1)) — @pg (rl))]
+ 06 (T0,T) (14 85 () = 9,6 () + 05 (T)}D (T, Ty)

QT T) = {Pa (T T) Ps (To, T (6, T) + 0, (T6, T) Pe (T, T)A (o T) 5 (T:)
+ Pa(To, T)dg (To, T)Ae (To, T (T1) + A (To, T)de (To, T)Ac (To, T e (T1)
+0c(To,T)o s (TO’T)(1_¢)B (1) = @5 (T)) + @pg (r1)) (Ale)
~Opc (TO’T)[pB (TovT)(l_ P (Tl))+ Os (TovT)((PB (M) —@ne (Tl))]
~Ogc (TO’T)[pA(TO'T)(l_(pB (Tl))+ qA(TO’T)((ZB (M) — Pas (Tl))]
+0ppc (TO’T)(l_(ﬁB (M) +@ae (T1) — 0 (Tl))}D(TO'T)

Similarly, we have
V(T) = E{OCT. T)(X, +V (T)}+Q(T, TR, T)]F, | (A2)

Note that o(t,,T,) is ﬁl -measurable. By definition, an ﬁl -measurable random variable is a

random variable whose value is known at time T, . According to taking out what is known and tower
properties of conditional expectation, we have

V(©) = E{O(T, T)(X, +V (1) + (T, IR, T)].F = E[OT, Ty X, ]
+ EQ(T, TR, Tl 1+ ED, TE(O. T)(X, +V (1)« %, TR D[, )% |

i : (A3)
- Ziz:l E [ﬂ_llj:—lo O(Tj ’Ti+1))xi ]+ Zizzl E [(HI:OO(Tj ’Tj+1)b(Ti—l’Ti ) R(TH,Ti )]
vel[T..om T @]
By recursively deriving from T, forward over T, where V(T,) =X, , we have
V()= ZLE[U_[:,O(F j ,Tj+1))xi\ﬁJ+ZLE[ o, ,TM))Q(TH,Ti)R(rH,Ti)\ ﬁ] (Ad)
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