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ABSTRACT

The maximal L,-regularity properties of nonlocal fractional elliptic equa-
tions are studied. Particularly, it is proven that the fractional elliptic opera-
tor generated by these equation is sectorial and also is a generator of an ana-
lytic semigroup. Moreover, maximal regularity properties of nonlocal fractional
parabolic equation are established.
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1. Introduction, notations and background

In the last years, fractional elliptic and parabolic equations have found many
applications in physics (see [2, 5], [7-9], [11, 18] and the references therein).
Fractional derivative calculus has received a considerable attention in the last
years. This is mainly because the fact that they have developed venues of feasi-
bility in many areas of science and engineering in the fields of physics, chemistry,
aerodynamics, electrodynamics of complex medium, polymer rheology, bode’s
analysis of feedback amplifiers, capacitor theory. In addition to they have found
venues of applicability in many areas of science and engineering such as elec-
trical circuits, electro-analytical chemistry, biology, control theory, fitting of
experimental data viscoelasticity, acoustics, electromagnetic waves, control the-
ory, polarization, heat conduction and mathematical biology. The regularity
properties of fractional differential equations (FDEs) have been studied e.g. in
[1, 3, 8, 9, 12-16]. They [20] have studied the Mittag-Leffler functions as their
typical representatives, including many interesting special cases that have al-
ready proven their usefulness in fractional calculus and its applications. In this
study[21], the homotopy analysis method is applied to obtain the solution of
nonlinear fractional partial differential equations. A new solution technique for



analytical solutions of fractional partial differential equations (FPDEs) is pre-
sented [22]. The main objective of the present paper is to dicuss the L, (R™)-
maximal regularity of the fractional abstract differential equation (ADE) with
parameter

Zaa*Do‘u—l—)\u:f(x), x € R", (1.1)

|l <l

where a, are complex valued functions, A is a complex parameter. Now, we
give some information of the fractional calculus which helps us to solve the
given problem. We have well known definitions of a fractional derivative of
order @ > 0 such as Riemann-—Liouville, Grunwald-—Letnikow, Caputo and
Generalized Functions Approach. The most commonly used definitions are the
Riemann—TLiouville and Caputo. We give some basic definitions and properties
of the fractional calculus theory which are used through in this work.

Definition 1.1. A real function f(x),z > 0 is said to be in the space Cp,, un € R
if there exists a real number p > pu, such that f(z) = 2P fi(z), where fi(z) €
C[0,00), and it said to be in the space C}* iff f™ € C},,m € N.

Definition 1.2. The left and right Riemann-—Liouville fractional integral of
order o > 0, of a function f € C, u > —1, is defined as

x

LI (x) = ﬁ / (— 0" f(t)dt, (1.2)
1 ab
31 = o / (t — 2)" f(t)dt, (1.3)

It has the following properties:
For feCuyp>—-1,0,8>0and y>1:

LIIP f(z) = T°TP f (), (1.4)

2. 1°1P f(z) = IPI° f (x), (1.5)
oy L+l

3. 197 = mx 7, (1.6)

Definition 1.3. The left and right Riemann-—Liouville fractional derivative of



order o > 0, of a function f € Cy, u > —1, is defined as

DEF@) = a2 @) = e [0 T (1)
WDEF) = ()" e p(a)
b
= Fggl_)a)ddxn / (t — )" 7 f(t)dt, (1.8)

D = D¢ DS2... D",

here D** is Riemann-Liouville type fractional partial derivatives of order oy, €
(1,2], with respect to zy i.e.

1o 7 u (y) dy
D% = s 1.9
b T@=7) 0 ] (ar—y)™" (19)

here T (o) is Gamma function for oy > 0 (see e.g. [5, 7, 10, 11]), aq * D%u is
a convolution formula.

For a; € [0,00) and o = (a1, @2, ..., &y ). Here, L, () denotes the space of
strongly measurable complex-valued functions that are defined on the measur-
able subset 2 C R™ with the norm given by

1

ey = | [If@Pds) 1<p<o.
Q

Let S (R™) denote the comlex-valued Schwartz class, i.e., the space of all
rapidly decreasing smooth functions on R™ equipped with its usual topology
generated by seminorms.

A function ¥ € C (R™) is called a Fourier multiplier from L, (R") to L, (R™)
if the map

u— Au=F10 (&) Fu, u € S(R")

is well defined and extends to a bounded linear operator
A: L, R") — L,(R").

We prove that problem (1.1) has a unique solution u € W} (R™; H (A),H)
for f € L, (R™; H) and the following uniform coercive estimate holds

1_lal
laj<t AT laq * DauHLp(R";H) <c ||f||Lp(IR";H) : (1.10)

The estimate (1.3) implies that the operator O generated by problem (1.1) has
a bounded inverse from L, (R") into the Sobolev space W} (R"), which will be



defined subsequently. Particularly, from the estimate (1.3) we obtain that the
operator O is uniformly sectorial in L, (R™). By using these coercive properties
of elliptic operator, we prove the well posedness of the Cauchy problem for the
nonlocal fractional parabolic ADE:

du+ Y aq* D= f(t,x), u(0,x) =0, (1.11)
lal<i
in mixed spaces Ly for p = (p,p1). In other words, we show that problem (1.4)
has a unique solution u € W2 (R%; H (A),E) for f € Ly (R%; H) satisfying
the following coercive estimate

HatUHLp(]Riﬂ) + |Z<l Haa * Dgu”Lp(RTrl) + ||A * u”Lp;(RTrl) <
x|

Ml o) (1.12)

here L, = Ly (Rﬁ“) denote the space of strongly measurable functions f de-
fined on Riﬂ equipped with the mixed norm

p 1
Ty P

ey = | [ | [l eora] d| <ccmpeo.

Rn
Let C denote the set of complex numbers and
Se={X; AeC, Jarg\| <p}U{0}, 0<p <.

B (E1, E3) denotes the space of bounded linear operators from E; to FEs.
For E; = Ey = E it denotes by B (FE). Let D(A), R(A) denote the domain
and range of the linear operator in E, respectively. Let Ker A denote a null
space of A. A closed linear operator A is said to be p— sectorial (or sectorial
for ¢ = 0) in a Banach space E with bound M > 0 if Ker A = {0}, D (4)

and R (A) are dense on E, and H(A—l—)\l)fl ‘B(E) < MM forall X € S,

@ € [0, 7), where I is an identity operator in E. Sometimes A + A will be
written as A + A and will be denoted by Ay. It is known [17, §1.15.1] that the
powers A%, 6 € (—o0,00) for a positive operator A exist.

A sectorial operator A (z), z € R™ is said to be uniformly sectorial in a
Banach space E if there exists a ¢ € [0, 7) such that the uniformly estimate
holds ) )

o307, 20

for all A € S,,.

Here, S = S’ (R™) denotes the space of linear continuous mappings from
S (R™) into C and it is called the Schwartz distributions. For any a = (a1, aa, ..., i),
a; € [0,00) the function (i€)” will be defined as:



o = { TG

where .
(&)™ = exp {ak (ln [€k] + 23 sgn §k)} yk=1,2,...,n.

Let s € R and & = (£1,&2,...,&,) € R™. Cousider the following fractional
Sobolev space

WRY) = {u ue S (R"), F~' (1+[¢)? Fue L, (R"),

_ 2\ 2
lullngeny = Nl £ (14 167) P

< oo} .
Lyp(R™)

Sometimes we use one and the same symbol C' without distinction in order
to denote positive constants which may differ from each other even in a single
context. When we want to specify the dependence of such a constant on a
parameter, say «, we write Cl,.

The embedding theorems in vector valued spaces play a key role in the theory
of DOEs. From [15] we obtain the estimating lower order derivatives

Theorem A;. Suppose 1 < p < g < oo and s € (0,00) with » =

1 [|a\ +n (% — %)} <1,0 < pu <1-— s, then the embedding

DW; (R™) C Ly (R")

is continuous and there exists a constant C, > 0, depending only on u such
that

1Dl ey < G [ Nl ey + 0™ Nl o]
for all w € W (R") and 0 < h < hg < oo.
2. Nonlocal fractional elliptic equation

Consider the problem (1.1).
Condition 2.1. Assume a, € Lo (R™) such that

L(f) = Z &a(g) (if)a € Skpl? |L(£)| > CZ |da(l,k)| |§k|lv (21)

<L k=1

for

a(l,k) =(0,0,..,1,0,0,...,0), ie ay = 0, i # k,



Consider operator functions

o1 (6,0) =Moo (€0, 02 (6,0 = 30N T a4a() (1) 00 (6,1, (22)

o] <1

where
00 (&N = [L(O+ A" .
Let
X=L,R"),Y =W} (R").

In this section we prove the following;:

Theorem 2.1. Assume that the Condition 2.1 is satisfied. Suppose that
ve€(1,2], and X € S,,. Thenfor f € X,0 < ¢ < 71— and p1+¢2 < ¢ there
is a unique solution w of the equation (1.1) belonging to Y and the following
coercive uniform estimate holds

1 lal
YT lax Dullx + Jlullx < C I fllx - (2.3)

|| <1

For the proving of Theorem 2.1 we need the followin lemmas:

Lemma 2.1. Assume Condition 2.1 holds and X € S,,with ¢, € [0, 7),
where 1 + @2 < 7, then the operator functions o; (£, A) are uniformly bounded,
ie.,

lloi (€, /\)”B(E) <C,i=0,1,2.

Proof. By virtue of [4, Lemma 2.3], for L(£) € S,,, A € Sy, and 1+ @2 <
7 there exists a positive constant C' such that

A+ L= C A+ [L(E])- (2.4)

Since L(§) € Sy, in view of Condition 2.1 and (2.4) the function oq (&, \) is
uniformly bounded for all { € R™, A € S,, i.e.

a0 (&,2) < (Al + LN < M.
Moreover, we have

o1 (&2 < M X[ (Al + L ()™ < M.

Next, let us consider os. It is clear to see that

02 (€N pey <€ S WL [l ool @29)

lal<l k=1



By setting y, = (\)\|_% |§k|> " in the following well known inequality

yrtys® .y < C (1 + Zyé) Yk 20, o <1 (2.6)
k=1
we get
1 — —
loz (6 Mllpemy <C Y N1+ D [&l T N+ L)
la| <1 k=1

Taking into account the Condition 2.1 and (2.5) — (2.6) we obtain

o2 (N[ = C (I)\ +)° |gk|l> (N + L) <.

k=1

Lemma 2.2. Assume Condition 2.1 holds. Suppose d, € C™ (R™) and
€171 1D%0(6)] < C1 B € (0.1}, € RM{0}, 0< |8l <n,  (27)

Then, operators |£|\5\ Dgai (&, A), i =0,1,2 are uniformly bounded.

Proof. Consider the term |§|‘5‘ Dgao (&, ). By using the Conditin 2.1and
the above estimates (2.4) — (2.6)

134 ET

- (m)‘ <

n

H i&k)”

€)+ N 2| < .

6|7

ONCIRRE }

It easy to see that operators |¢|° DIBlgg (€, \) contain the similar terms as
in (k| |De, o0 (§, )] for all i, € {0,1}. Hence we get

61| DZoo (6, 0] < o0

In a similar way, by using the Conditin 2.1and the above estimates (2.4) —
(2.7) we obtain

&1 | Do (f,)\)’ <00, i=1,2 (2.8)

Proof. of Theorem 2.1. By applying the Fourier transform to equation
(1.1) we get

@ (€) =00 (&,N) F(€), 00 (6,A) = [Le (&) + N (2.9)



Hence, the solution of (1.1) can be represented as u (z) = F~log (€,\) f and
by Lemma 2.1 there are positive constants C; and Cs such that

CLlA flullx < [P~ [0 €2 f] || < Colal ulx .

G Y T faa s Dol < [P e F]| < @10)
la|<l

_lal
Co DN Jlaa # Dully

o <1

Therefore, it is sufficient to show that the operators o; (§,\) are multipliers in
X. But, by Lemma 2.2 and by virtue of Mikhlin multiplier theorem (see e.g
[17, § 2.2]) we get that o; (§,\) are multipliers in X. So, we obtai the assertion.

Result 2.1. Theorem 2.1 implies that the operator O is separable in X i.e.
for all f € X there is a unique solution u € Y of the problem (1.1), all terms
of equation (1.1) are also from X and there are positive constants C; and Cs so
that

Cloully < 3 llaa * Dl + [lullx < Co [Oully .

o] <

Indeed, if we put A = 1 in (2.3), by Theorem 2.1 we get the second inequality.
So it is remain to prove the first estimate. The first inequality is equivalent to
the following estimate

S Faa @) ally < 3 [F a9 o0 (€0 F ) -

ol < lef <l

So, it suffices to show that the operator functions

00 (&), Y a (i€)" 00 (£, 2)

jal<t

are uniform Fourier multipliers in X. This fact is proved in a similar way as in
the proof of Theorem 2.1.

From Theorem 2.1, we have:

Result 2.2. Assume all conditions of Theorem 2.1 hold. Then, for all
A € S, the resolvent of operator O exists and the following sharp coercive
uniform estimate holds

|§z P Ha «* D (0 + ,\)*1HB(X) i H(O+ A)ilHB(X) <o @

Indeed, we infer from Theorem 2.1 that the operator O 4+ A has a bounded
inverse from X to Y. So, the solution u of the equation (1.1) can be expressed
asu(z) = (O+ )" f for all f € X. Then estimate (2.4) implies the estimate
(2.11).



Theorem 2.2. Assume that the Condition 2.1 is satisfied. Suppose that
v€(1,2], and X € S,,. Thenfor f € X,0 < ¢ < 71— and p1+¢s < ¢ there
is a unique solution u of the equation (1.1) belonging to Y and the following
coercive uniform estimate holds

el
D TP U]y + lullx < C Sl - (2.12)

e <l

Proof. The estimate (2.12) is derived by reasoning as in Theorem 2.2.
From Theorem 2.2, we have the following results:
Result 2.3. There are positive constants C; and Cs so that

COullx < Y IID%ullx + [|Aullx < Ca[|Oul|x . (2.13)

lo] <

From theorem 2.2. we obtain

Result 2.4. Assume all conditions of Theorem 2.2 hold. Then, for all
A € S, the resolvent of operator O exists and the following sharp uniform
estimate holds

S | (O+)\)’1HB(X) +lo+n  <c (2.15)

N BX)

Result 2.5. Theorem 2.2 particularly implies that the operator O is secto-
rial in X. Then the operators O® are generators of analytic semigroups in X for
s < 1 (see eg. [17, §1.14.5]).

3. The Cauchy problem for fractional parabolic equation

In this section, we shall consider the following Cauchy problem for the
parabolic FDOE
Ju

a—{— aq * D = f(t,z), u(0,2) =0,t € Ry, z € R, (3.1)
la|<l

where a is a complex number, DY is the fractional derivative in « for ag, € (1,2],
defined by (1.2).

By applying Theorem 2.1 we establish the maximal regularity of the problem
(3.1) in mixed Ly, spaces, where p = (p1,p). Let O denote the operator gencrated
by problem (1.1) for A = 0. For p=(p, p1), Z = Lp (RT‘l) will denote the
space of all p-summable complexvalued functions on R’fr“ with mixed norm,
i.e., the space of all measurable complex-valued functions f defined on Rﬁ“ for
which

1
P1

1A o ) = / /|f(t,x)|pdm it | <oo.
R+

R

P
P



Let Z'7 = W2 (R} denotes the space of all functions u € Ly (R})

possessing the generalized derivative Dyu = %1; € Z with respect to y and

fractional derivatives D¢u € Z with respect to x for |a| <! with the norm
[ull 2124y = llullz + 10l z + [[D3ull 2,

where u = u (¢, ).

Now, we are ready to state the main result of this section.

Theorem 3.1. Assume the conditions of Theorem 2.1 hold for ¢ € (g, 7r).
Then for f € Z problem (3.1) has a unique solution u € Z17 (A) satisfying the
following unform coercive estimate

10l z + D Naa * D%ully +Ilull, < C ISl -

laf <l

Proof. By definition of X = L, (R") and mixed space L, (R?*") , p = (p, p1),
we have

1
P1

1
) 1 [e9)
[l 000 = | [Iu @z dt) = { [la@IE g de| = lul,.
0 0

Therefore, the problem (3.1) can be expressed as the following Cauchy prob-
lem for the abstract parabolic equation
du
E—l—Ou(t):f(t),u(O):O,te(O,oo). (3.2)
Then, by virtue of [19, Theorem 4.2], we obtain that for f € L, (0, 00; X)
the problem (3.2) has a unique solution u € W, (0,00; D (0), X) satisfying the
following estimate

From the Theorem 2.2, relation (3.2) and from the above estimate we get
the assertion.
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