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1 | INTRODUCTION

Summary

We investigate mixed type boundary-transmission problems of the generalized
thermo-electro-magneto elasticity (GTEME) theory for complex elastic anisotropic
layered structures containing interfacial cracks. This type of problems are described
mathematically by systems of partial differential equations with appropriate trans-
mission and boundary conditions for six dimensional unknown physical field (three
components of the displacement vector, electric potential function, magnetic poten-
tial function, and temperature distribution function). We apply the potential method
and the theory of pseudodifferential equations and prove uniqueness and existence
theorems of solutions to different type mixed boundary-transmission problems in
appropriate Sobolev spaces. We analyze smoothness properties of solutions near
the edges of interfacial cracks and near the curves where different type boundary
conditions collide.
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Mathematical modeling and analysis of complex multi-component structures in the presence of coupled electro-magnetic
and thermo-mechanical fields became very important from the theoretical and practical points of view, due to the rapidly
increasing use of composite materials in modern technological processes, as well as in biology and medicine. Recently, many
applications have arisen that involve the dynamics of response of new material systems in the presence of strongly coupled
electro-magnetic and thermo-mechanical fields (see, e.g., Brown!, Eringen etc?, Aouadi3, Aouadi?, Avellaneda etc2, Ben-
veniste®, Cady”, Bracke etc®, Chandrasekharaiah?,10, Dang etc!,12, Gaol3, Grimes etc!*, Garcia-Sanchez etc!, Hetnarski
etcd®, Higuchi etc 17 Dunni®, Li etc!?, Li etc2?, Marder2!, Morita etc22, Nan23, Nan etc2*, Pak?, Qin2°, Ryu etcZ!, Silva
etc2®, Straughan??, Tauchert etc3?, Uchino3!, Van Run etc32, Wang etc33,34,32 Wang etc3®, Yang3?, Zohdi38, Wei3?, Suo etc4?,
Harshe etc?!, Fabrizio etc#2, Hench#3, Natroshvili etc#*, Natroshvili#?, and the references therein).
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In spite of the fact that there are a huge number of papers devoted to numerical solutions of the above mentioned problems for
particular cases (see, e.g., a survey paper Benjeddou#®, Kaltenbacher#?, Rojas-Daz etc#®, and the references therein), the three-
dimensional mixed initial-boundary-transmission problems for multi-component composed bodies with interior and interfacial
cracks, in the scientific literature have not been systematically treated from the point of view of rigorous mathematical study.

In the present paper, we consider the generalized Green-Lindsay’s thermo-electro-magneto elasticity (GTEME) model
describing physical processes with a finite speed of heat propagation in contrast to the conventional thermoelasticity theory
(for details see, e.g., Straughan2?). We consider the case of composed layered solids and analyse mixed boundary transmis-
sion problems for the system of elliptic partial differential equations (“pseudo-oscillation equations"), which are obtained from
the corresponding dynamical equations by the Laplace transform. The mathematical model contains a fully coupled system of
six second order partial differential equations (PDE) with respect to six unknowns: three components of the displacement vec-
tor, the electric and magnetic potentials, and the temperature function. These equations are equipped with appropriate mixed
boundary-transmission conditions.

The main questions of our investigation are the existence and uniqueness of solutions to the essentially mixed boundary-
transmission problems under consideration and analysis of smoothness properties of solutions at the exceptional curves -
interfacial crack edges and curves where different type boundary conditions collide. Near the exceptional curves singularity
zones appear usually and in practice it is very important to analyse and calculate the stress singularity exponents explicitly.

In our study, the main tools are the generalized potential method and the theory of pseudodifferential equations on manifolds
with boundary. By the same approach, similar problems for simpler piezo-elastic models were considered in the references
Buchukuri etc#?,3°, Buchukuri etc3!. The basic boundary-transmission problems for the system of thermo-electro-magneto
elasticity theory for composed structures without interfacial cracks were studied in Buchukuri etc3? and Buchukuri etc3.

It should be mentioned that in the case of interfacial crack, the investigation of the corresponding mixed boundary-
transmission problem becomes very complicated theoretically and technically in comparison with the case of interior crack
problem.

The paper is organized as follows.

In the second section, we introduce the basic differential operators of the generalized thermo-electro-magneto elasticity model
and derive the corresponding Green formulas. In the third section, we derive representation of solutions in the form of single layer
potentials for the problem when the Dirichlet condition is given on the exterior boundary of the layered composite solid and the
rigid transmission conditions are prescribed on the interface surface. This representation is then essentially applied in the fourth
section, where we investigate the problems with mixed boundary conditions on the exterior boundary of the composed solid and
with mixed transmission conditions on the interface surface. This problem covers the case when the composed solid contains
interfacial cracks. We reduce the problem to the system of pseudodifferential equations which live on the interface crack surface
and on the Neumann part of the exterior boundary. We establish invertibility of the corresponding pseudodifferential operators
in appropriate function spaces and establish unique solvability of the original mixed boundary-transmission problem in Sobolev-
Slobodetskii spaces. Finally, we analyse regularity properties of solutions near the exceptional curves and show that solutions
are Holder continuous functions under some reasonable restrictions on boundary and transmission data. From our analysis it
follows that in general the Holder smoothness exponents are less then % and they essentially depend on the material parameters
of the composed solid. It is shown that this smoothness exponent can be calculated explicitly by the principal homogeneous
symbol matrix of the above mentioned pseudodifferential operator.

2 | FIELD EQUATIONS OF THE GTEME MODEL AND GREEN’S FORMULAS

The basic linear system of pseudo-oscillation equations for the thermo-electro-magneto-elasticity theory associated with Green-
Lindsay’s model for homogeneous solids in matrix form reads as (see Buchukuri etc23)

A, ) U(x,7) = P(x, 1),
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where U = (uy,u,, u3, @, y, N = (u, oy, 97 is the sought for complex-valued vector function, ® = (P, ..., CI)6)T is a given
vector-function, and A(d,, ) is a matrix differential operator

[crjklajal - 0725rk]3x3 [elrjajal]3><1 [qlrjajal]3><1 -1+ VOT)Arjaj]3><1

[—€i19:0,] % %,;0,0 a;0.0 —(14+vy7)p;0;

A(ax,‘[): [qu(ax’r)]6><6 = JkIYj¥111X3 JjlIYi%l JjlIYi%l 0 Al ) (])
(=499, ]1x3 a; 0;0, Hj19;0; =1 +vy7)m;0;
(=749 ]1x3 P9, 7m0, 1;19;0; — °hy — 7d, 66

The superscript (-)T denotes transposition operation, T = ¢ +iw is a complex parameter, the summation over the repeated indices
is meant from 1 to 3; d = d, = (d;,0,,05), d; = d/0dx;. The components of the vector function U have the following physical
sense: the first three components correspond to the elastic displacement vector u = (u,, u,, u53)", the forth and fifth ones, ¢ and y
are respectively the electric and magnetic potentials, and the sixth component § stands for the temperature distribution; c, ;;, are
the elastic constants, e, are the piezoelectric constants, g, are the piezomagnetic constants, x ;, are the dielectric (permittivity)
constants, u;, are the magnetic permeability constants, a;, are the coupling coefficients connecting electric and magnetic fields,
p; and m; are constants characterizing the relation between thermodynamic processes and electromagnetic effects, 4,; are the
thermal strain constants, k are the heat conductivity coefficients, ¢ denotes the mass density, v, and A, are two relaxation times,
d, is a constitutive coefficient. These constants satisfy the symmetry conditions:

Criki = Cjrkl = Crirj> Ckij = Cikji> 4kij = Ykjio

)
}fkj = Xjk’ Akj = Ajk» ﬂkj = /’ljk’ akj = ajk: nkj = njk» r,Jj, k1= ]’2»3'
From physical considerations it follows that (see, e.g., Aouadi?, Straughan?, Green etc>*) for all &, ; = & € Rand for all
E=(£,6.8) R
Criki é:rj St = 608k Sas Hyj Sk gj > 0 112, Hij &k ‘fj 2 6, 112, My &k ‘fj > 03 &2, 3

VO > O, ho > O, doVO - ho > O,

where 6, 6, 6,, and 65 are positive constants depending on material parameters.
Due to the symmetry conditions (2)), with the help of (3 one can easily derive the inequalities:

Crjki é‘rjc_kl > 60 Gy C_kl» Hij é’ké’_j > 6 1S1%, Hij é’ké’_j > 0, 1S1%, My j Cké’_j > 03| ¢,
forall ¢; =¢;,; € Candforall { =({,{.8) € C,
where the over bar denotes complex conjugation. The positive definiteness of the potential energy and the laws of thermody-
namics imply that the following 8 X 8 matrix

Deilaxs [ajlaes [Pilax [VoP;lax

[a;l3x3  [Hjilaxs [mjlae [Vom;lay
M =[M;lss =

[pilixa  [milis  dy hy
[VoP;lixs [Vom;lixs hy voho 8x8

is positive definite. Moreover, it follows that the matrices

D ilass Lag;] d, h
AD = kjd3x3 L4gjl3x3 ’ A® = o "o @)

[aklaxs [Hiilaxs | gue hy vohy 252
are positive definite as well, i.e.,

g GO+ ay G+ +ug O 2k P+ VL e,

do|z,|? + hy (2, Z; + Z; 2) + Voho 12,17 > &, (12, 1* + |2,/ Vz,,2z, €C,
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with some positive constants x; and x, depending on the material parameters involved in matrices ).
Further, let us introduce the generalized stress operator 7 (d,, n, ) associated with the pseudo-oscillation operator A(d,, ),

[erkt njal]3><3 [elrj njal]3><1 [qlrj njal]3><1 (- +VOT)Arjnj]3><1

o ) [ _ ) ] ) [—eju nj(),]l><3 X n;0 a; n;o —(I+vy7)p;n; 5
SN, T) = N, T = .
" o [=Gj 10\ @150, Hji 50, —(L+vr)m;n;
[0]15 0 0 15110, 66

For a six vector U = (u, ¢, w, 8)T we can calculate the so-called generalized stress vector 7 U,

T n1)U(x,7) = (alj(x, T)n;(X), 06,;(x, T)n;(x), 03;(x, 7)n;(x),
= D;(x,7)n;(x), —B;(x, )n;(x), —To_lqj(x, T)nj(x))T. 6)

Due to (6), the components of the stress vector have the following physical sense: the first three components correspond to
the mechanical stress vector in the theory of generalized thermo-electro-magneto-elasticity, the forth and the fifth components
correspond to the normal components of the electric displacement vector and the magnetic induction vector respectively with
opposite sign, and finally the sixth componentis (=77 1) times the normal component of the heat flux vector; here n = (n,, n,, n3)
stands for the unit normal vector to the corresponding surface element, o;; are the components of the mechanical stress tensor, T,
is the initial reference temperature, that is the temperature in the natural state in the absence of deformation and electromagnetic
fields, D = (D, D,, D3)T is the electric displacement vector and B = (B, B,, B3)T is the magnetic induction vector.

Recall that E = (E,, E,, E;)T = —grad g and H = (H,, H,, H;)" = —grad y are electric and magnetic fields respectively,
€ = 2710, u ; + 0; uy) are the components of the mechanical strain tensor, ¢ = (g;, 45, g;)" is the heat flux vector, and the
corresponding constitutive equations read as

6,;(X,T) = j€p (X, T) + €),;0,0(x, T) + g, ;0 W (x, T) — (1 + vy7) 4, 9(x, 7),
D;(x,7) =e £4(x,7) = x;, 0,p(x,T) — a;; Ow(x,7) + (1 + vy7)p,;9(x, 7),
B;(x,7) =qj1 €(x,7) — ay 0,0(x,7)— ﬂjla,u/(x, )+ 4+ vor)mj19(x, T),
q;(x,7) = = Tyn;0,9(x, 7).

Let Q be a bounded domain of R3 with sufficiently smooth boundary S = Q.

By CX(Q) we denote the subspace of functions from CKQ) whose derivatives up to the order k are continuously extendable
to § from Q; C*%(Q) denotes the subspace of functions from C*() whose kth order derivatives are Holder continuous in Q
with exponent @ € (0, 1]. By L, L, VVP’, VVP’JUC, H;, H;JUC, B;’q, and B;,q,lac (withr>0,seR, 1 <p<oo,1 <g< o)
we denote the well-known Lebesgue, Sobolev-Slobodetskii, Bessel potential, and Besov function spaces, respectively (see, e.g.,
Triebel®?). Recall that H) = W, = B, H}=B, W/ = B;’p, and Hl’j = I/Vp" ,forany r > 0, for any s € R, for any positive
and non-integer ¢, and for any non-negative integer k. Let us introduce also the following spaces:

HYM)=1{f : f € H}(My), suppf C M}, HXM) =1{ryf : [€H (M}
B (M)=1{f : f€B (M) suppf C M)}, B (M)={ryf : f€B (M},
where M is a proper submanifold of a manifold M, and r,, is the restriction operator onto M.
For arbitrary vector functions
U = (g, ty, U3, 0, y,9)" € [Cz(ﬁ)]6 and U’ = (u,u,uf, @' y',9)" € [Cz(ﬁ)r,

the following first Green identity holds (see Buchukuri etc2?)

/[A(ax,r)U-U’+£T(U,ﬁ)]dx=/{T(ax,n,r)U}+-{U’}+dS, %
Q 0Q

where the central dot denotes the scalar product of two vectors in the complex vector space CV,ie.,a-b = (a,b) := Zj’il a; E

for a, b € CV, the symbol {-}* denotes the one sided limit (the trace operator) on 0S2, the operators A(0,,7) and T (0, n, ) are
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given by (I) and (3)) respectively and
EU,U") i= ¢y O 0, + 07° u, Ul + ey, (9,0 0, — 9, 0,90")
+q;,; (6,1;/W —0u, Oy') + %, 0,0 0,¢" +a; (0,0, w' + 0w 0,¢')
+ 15,0y + A [t8u — (1 + vg1)99,u ] — p[r80,0 + (1 + vy7)99,¢/]
—m [t 9y + (1 +vy0)9 0’1 + 1, 0,90, + 7 (hyt + dy) 99 .
Note that Green’s formula (7)) by standard limiting procedure can be generalized to Lipschitz domains and to vector functions
U e [VVpl Q)16 with A(a,,7)U € [LP(Q)]6 and U’ € [I/Vq1 ()19, 117 + 5 = 1. Using Green’s first identity we can correctly

_1
determine a generalized trace of the stress vector {T (0,,n,7)U }* € [B,, (0€2)] for afunction U € [VVPI(Q)]6 with A(d,, T)U €
[L,(2)]° by the following duality relation (cf. McLean®, Buchukuri etc>?)

({T@.nUY, (U}, :=/[A(0X,T)U “U'+E,(U, U dx,

Q

_1
where U’ € [I/Vql(Q)]6 is an arbitrary vector function. Here the symbol ( -, - ), denotes the duality pairing of [B, (02)1° with

1
[B;,q(aﬂ)]6 which extends the standard L, inner product for complex-valued vector functions,

6
(f+8)oa= / D f(x)g;(x) dS for f,g € [L(0Q)°.

s =1

_1 _1
In particular, for p = 2 we have the inclusion {7 (d,,n, 7)U }* € [3222(69)]6 =[H," (0)1°.

3 | TRANSMISSION PROBLEM WITH THE DIRICHLET CONDITION

3.1 | Formulation of the problem and uniqueness theorem

Let Q" be a bounded simply connected domain with the simply connected boundary S, and Q® be an adjacent bounded simply
connected domain with interior boundary .S, and simply connected exterior boundary .S,, S} NS, = @. We assume that the
domains Q1 and Q@ are occupied by anisotropic homogeneous materials possessing different thermo-electro-magneto-elastic
properties. This means that their material parameters are different constants in different domains, in general, and we have a
composed layered elastic solid QM | J Q® with interfacial surface S| and with exterior boundary S5.

Throughout the paper n stands for the exterior normal vector to the surfaces .| and .S,, and, for simplicity, we assume that
S, and S, are infinitely smooth manifolds if not otherwise stated.

We equip with the superscript (8), § = 1,2, the thermo-mechanical and electro-magnetic characteristics, differential and
generalized stress operators associated with the domain Q®_ Later, we use the same notation for the fundamental solutions,
layer potentials, and the corresponding boundary integral operators.

First we consider an auxiliary boundary-transmission problem for a layered composed solid with the Dirichlet type condition
on the exterior boundary. Representation formula for this problem plays a crucial role in our further analysis.

Problem (TD). Find solutions
vl e @r, P ew@)F, p>1,

to the pseudo-oscillation equations of the GTEME theory
AP,y UP(x) =0, xeQ? p=1,2, (8)

satisfying the transmission conditions on the interface S,
WP —{UPm) =Y. xes, ©)
(TO0,, n,UP )} = {TP0,,n,UP(x)}” = FV(x), xeS, (10)



6 | D. Natroshvili, M. Mrevlishvili

and the Dirichlet condition on S,
U@ =2, xeS, (an

where the symbols {-}* denote the one sided interior and exterior limits (the trace operators) on S| and S, and

FO e [B,, (SN, £ e [B,, (S5 FD (B, (S)I. (12)

Here the differential equations (8) of pseudo-oscillations are understood in the distributional sense, the Dirichlet type
boundary-transmission conditions (@) and (IT) in the usual trace sense, and the Neumann type transmission condition (I0) in
the generalized functional sense defined by the corresponding Green formulas.

Theorem 1. Let S, and S, be Lipschitz, conditions (IZ) be satisfied with p = 2, and the time relaxation parameters v(l) nd
32) be the same,
v(()l) = v(()z) =, (13)
Then the transmission problem (TD) (8)-(TT) possesses at most one solution in the space [W,'(Q")]° x [W}(Q@)1°.

Proof. Actually, the proof of the theorem is quite similar to the proof of Theorem 8.1 in the reference Buchukuri etc22. o

3.2 | Representation formulas of solutions to the problem (TD)

Let us look for solution vectors U and U® of the boundary-transmission problem (TD) in the form of single layer potentials
associated with the operator AP (9., 1), p = 1,2, constructed by the corresponding fundamental matrix I?(x — y, 7) (see
Appendix, formula (7Q))

U(D(x) — V;ll)(g(l))(X) in Q(l)’ (14)
U(Z)(x) — Vélz)(h(l))(x)+ Véj)(h(Z))(x) in Q@ (15)
where gV e [B;;,/p(Sl)]6, A e [B;;,/p(Sl)]6, and h® e [B;’ll,/”(Sz)]6 are unknown density vectors. The boundary-

transmission conditions (@), (I0), and (II)), and properties of the single layer potentials (see Theorems [OHIQ) lead then to the
following system of pseudodifferential equations for g, A, and A®:

[COPN¢)) @) p) @p@y— — £

HG'gW = HORD — (VP h))5 =P on sy, (16)
1 m\,m _ (1 @\ 50 QY@@ - = O

(_516+n&>g —<§IE+K&)h —TOVIHD)); = FO on 5, (17)

(VO +HORD = @ on S, (18)

The integral operators H(ﬂ ) and IC(ﬂ ) ,f=1,2, 1 =1,2,aredefined in Appendix, see formulas (73) and (74). Denote the operator
generated by the left hand side expresswns of system (16)-(I8) by M = [M;] g5

M=N+K,
where
H(l) H(Z) 0
[mm&m_-mg+ﬁ” J K@ 0 , (19)
0 0 MY
2 18x18
0 0 —r Vg
K=[K;ligas=|0 0 —rﬂ%ﬂ) , (20)
o rv® o
55 18x18

where r_is the restriction operator to .S; and the boldface zero 0 stands for the 6 X 6 null-matrix, 0 = [0],s. Note that due
J

to the properties of the single layer potentials { V;:)(h(z))};*l =r, V;:)(h(z)), { V;lz)(h(l))};:2 =r, V;lz)(h(l)) and {T® V;j) };’1 =
3742
r T VS2 .
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System (I6)-(I8) can be rewritten then as
Mo = ¥, Q1)

with an unknown vector-function @ = (g, AV, A®)T and a given right hand side vector-function ¥ = (f(, F(U, f@)T,
Let us introduce the function spaces:

xt = [B ()] x [B(5)]° %[B!, (S5p]".
Ye, o= (B s] x [B) (50 x [By (8]

Evidently, the above introduced operators possess the following mapping properties (see Theorem [[0lin Appendix):

M XSV (22)
N:X >V (23)
K : X, -V, 24)

forp>1,g > 1,andt € R. In view of (19), it is easy to see that operator (24)) is infinitely smoothing compact operator since .S,
and S, are disjoint C®—regular manifolds. Therefore, the operator N defined in (23) is a compact perturbation of the operator
M defined in 22).

First we prove the following assertion.

Theorem 2. Let S; € C*, j = 1,2. Then operator (23) is invertible forall p > 1,¢ > 1,and t € R.

Proof. Denote
(e)) (@)
Hsl -H
A= g Cip @
276 7S, 276 12x12
The following invertibility result is proved in Buchukuri etc3® as Theorem 8.2: The operator

- 6 - 6 -2 6 - 6
As, @ [Boy(SD]" X [B, 7 (SD]” = [B,," (D] x [B, ()]
is invertible for all p > 1. Due to the general theory of pseudodifferential operators, this implies that the operator

As (B (5] x [B) (S0 = [Bi(sp]” x [B) (sp]’

1
is invertible forallp > 1, ¢ > 1, and ¢t € R.

The invertibility of the operator (see Theorem[I0in Appendix)
@ . 6 1 6
M) [B;’q(Sz)] - [B;:;I (S,
and the relation (19) complete the proof. O

Remark 1. Consider the operator

~ I6 _16
ASI .= ASI [H]Sl = A(l) _A(Z) ’ (25)
S Sy dax12
where |
(10
IH]SI - 0 [H(z)]—l
S 1212
and
a ._ 1 )\ s (D=1 @ ._ (1 @\ 2,11
AG = (= A KGO AT 1= (5 1o+ K ) (26)

are the Steklov-Poincaré type operators associated with the surface .S; (see Appendix). Note that 26) are strongly elliptic
pseudodifferential operators of order 1 (see Buchukuri etc3).
From Theorem 2] and relation (23) it follows that the strongly elliptic pseudodifferential operator
N 1 6 1 6 1 6 6
As [B;,t] (Sl)] X [B:rq (Sl)] - [B:rq (Sl)] X [B;,q(Sl)]

1
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is invertible for all p > 1, ¢ > 1, and t € R. Moreover, in Subsection 8.2 in Buchukuri etc33, it is also shown that for all p > 1,

> 1, and f € R, the operator

@ @ . 1 6 6
Ay = AS o [BES)] = [B,(S))]

is invertible as well (see Appendix, Theorem [13)).

It can be shown that the inverse operator to the operator (23)

-1 . t t
N Yp,q - XM

has the form

M1- @ @1-1 4@ (e)) (e)) @1-
—[HG T A = AT A T A = AGT 0
— 2)1— 1 2)1— 1 2 1 2)1—
N7 =N = [N Ligs = | —[HGTTAS) - AT AY) [ng] I[Agj—A(Sf] ! 0 : @7)
0 0 [H(Z)] 1

18x18
Due to TheoremPland the compactness of the operator 24)), the operator 22) i is Fredholm with zero 1ndex Let us show that

the null-space of the operator (22) is trivial. Indeed, let ® = (g, AV, AT € X 2 = [ 2(S )] [ 2(S )] x[H 2(Sz)]
be a solution to the homogenous equatlon M® = 0 and construct vectors U and U@ by formulas ([E]) and (I3). It can easily
be shown that the pair (UV,U®) € [H,(QM)]° x [H(Q®)]° solves the homogeneous boundary-transmission Problem (TD).
Therefore, UV = 0in QI and U® = 0 in QP due to the uniqueness Theorem [Il In view of continuity property of the
single layer potentials and uniqueness theorems for the interior and exterior Dirichlet boundary value problems for the operators
AP (0,,1), p = 1,2, (see, e.g., Theorems 2.25-2.26 in Buchukuri etc>?), we conclude that

Ve (gM)(x) =0 in R,
V() + VP (R®)(x) = 0 in R,

which imply g = AV = 0 on S| and 2® = 0 on S,. Whence, it follows that the null space of the operator (22)) is trivial for
p = q = 2, and therefore it is also trivial forall p > 1, g > 1, and t € R. Consequently, we have the following invertibility result.

Theorem 3. Operator (22) is invertible forall p > 1,4 > 1, and t € R, when S, eC>,j=1.2.
This theorem implies the corresponding existence result.

Theorem 4. Let Sj eC®,j=1,2,p>1,qg>1,t > 1, and the following conditions hold

=1 =1 —1-1
Y elB,,’ SpP, @ els,, Sy, FYe[B,, "SI

Then the boundary-transmission problem (TD) is uniquely solvable in the space [I/I/;(Q“))](’ X [I/VP’(Q(Z))]6 and the solution pair
is representable in the form of single layer potentials (I4)-(I3), where the densities g, AV, and A® are defined by the system
of pseudodifferential equations (I6)-(I8).

Proof. Solvability of the problem follows from Theorem[3l We have uniqueness for p = 2, thanks to Theorem[Il To show the
unique solvability for arbitrary p > 1, because invertibility of the operator (22)), it is enough to show that an arbitrary solution
Uu® e [I/Vp1 (QP)]16 of equation (8)) is uniquely representable in the form of single layer potentials, (I4) for # = 1 and (I3) for
p =2.Indeed, let U® e [I/V;(Q(Z))]6 be a solution of the equation A®(d_, 7) UP(x) = 0, x € Q. It is evident that

FO = UP)5 € (B, (DI SO = (UPY; € (B, ()" (28)

Thus, the vector function U® & [VVPI(Q(Z))]6 can be considered as a solution to the Dirichlet problem with conditions 28]). On
the other hand, let us consider the vector function

U*(x) = Vg (R0 + Ve (R®)(x) in @2,
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where A and A® solve the system of pseudodifferential equations

HORD + (V25 = f0 on s, @9
{VS<12>(h<1>)}§2 +ng2>h(z>= @ on S, (30)

where f1 and f® are defined by (28).

Put @) @)
s,

e @
W', Hg

With the help of Theorem[I(]and taking into consideration unique solvability of the Dirichlet problem in the space [W,'(Q®)]°
it is easy to shown that the strongly elliptic pseudodifferential operator

| i i i
H : [B,;(S)I°X[B,;(S,)]° = [B;,(S)I° X [B],(S,)]°
is invertible. This implies that the operator
H : [B) (SDI°X[B) (S)1° = [BH(SPI° X [BF1(5,)1° 31
is invertible for all t € R ]and p > L. TElerefore system (29)-(30) is uniquely solvable and for the solution pair we have the
inclusion (A", h®) € [B,; (S)I° X [B, ; (5,)1° implying by Theorem [ the inclusion U* & [W,}(Q®)]".
Further, letU := U®—U*. Evidently U € [I/Vpl (Q®))]° solves the homogeneous Dirichlet problem. Due to the homogeneous

Dirichlet conditions, { U }5 =0and {(7 }32 = 0, the general integral representation of the vector function U reads as follows
1 2

(see Theorem 3.5 in Buchukuri etc32)

[7(x) = 1@ @V @ @0 i )]
U(x)= Vs (7 U}Sl)(x)— Vs (7 U};Zz)(x) in QY.
Introducing the notation
-1 ~ ~ -1
RO = (TOUY; €[B,,(SPI° AP i= —(TPU)} € [B,;(SHI%
and keeping in mind that the vector functlon U satlsﬁes the homogeneous Dirichlet conditions on .S and .S,, we find that the

vector function @ = (AD, A®)T e [B (S )18 x [Bp,p (.5,)16 solves the homogeneous equation H® = 0. In view of invertibility
of the operator (31)), we conclude that (D = 0, which implies that U = 0 in Q®, i.e. U® = U* in Q@ which proves that an
arbitrary solution U® € [I/Vp1 (Q)1° of equation (§) for # = 2 is uniquely representable by formula (I3) as the sum of single
layer potentials.

We can show the similar result for a vector function UV € [VVPl (QM)]® quite analogously.
This completes the proof. O

Remark 2. The inverse operator to operator (22)),
M =M= My ligas Yy, = X, (32)
can be represented in the following form
T=NT+L, ie, M=N+L, (33)

where N~! = N is defined in (27), while L = [L, j]lgxlg : qu - X’ is an infinitely smoothing compact integral operator.
This follows from the relation M~! = N~![I4+ KN~']~!, where I is the 1dent1ty operator. Note that [T+ KN~']7! = I+R, where
R : X’ - X’ a is an infinitely smoothing compact operator due to the properties of the operator K defined by 20).

Wlth the help of relations (33) and (27) we find
Mll MIZ M13
M—l =M= MZI MZZ M23

31 32 33
M M M 18x18
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where
M = M s = —HETAY = ADTTAD + 0 2 (B2 s — [BL(5)]°, (34)
M = M T = [ T TAY) = AT +112 (B! (sp]° — [B,(5)]°. (35)
M = (M ] = L1 : [B;fq‘(sz)]" - [c=es)]°, (36)
M2 = M2 g = =[G T AY — AGT A + 020 2 (B s))” = [B) (5], 37)
M2 = (M2 1o = [HP 1A = AP +172 2 [B] (5] = [B] (5] (38)
M = (M2 ] = L7 : [B;j;;(sz)]" - [c=sp]°, (39)
M = (M e = L2 2 [BEH(S)]" = [C2(S,)]°. (40)
M2 = [MP2]g6 = L : [B ()] > [C(S,)]°. (41)
M = (M g6 = [H@)]— +17 [B’“(Sz)] - | ;,q(sz)]"’, (42)

with L' being the corresponding 6 X 6 block matrices of the matrix operator L involved in (33)),
|]_11 |]_12 |]_13
L= L2 12|, " =[1" g Lm=1,2,3.

31 32 33
Lo L L 18x18

Notice that
(i) the pseudodifferential operators M'', M2, M2, M?2, N'1, N2, N2!, N22 L1 1L12) 12! and .22 map a space of vector
functions defined on the surface .S, into a space of vector functions defined on the same surface S;
ii) the operators = an map a space of vector functions defined on the surface .S, into a space of vector
the operators M3! = 13! and M*? = .32 map a sp f vector functions defined on the surface .S, into a space of vect
unctions defined on the surface .S, and generate infinitely smoothing compact operators;
functions defined on the surface .S, and te infinitel thi t t
(iii) the operators M'3 = '3 and M?? = .23 map a space of vector functions defined on the surface .S, into a space of vector
functions defined on the surface S| and generate infinitely smoothing compact operators;
iv) the pseudodifferential operators , N2 an map a space of vector functions defined on the surface .S, into a space
) the pseudodifferential operators M3, N33, and .33 map a sp f vector functions defined on the surface S, into a sp
of vector functions defined on the same surface .S,.
Therefore the solution of the pseudodifferential equation (2I)) can be written as

b = MY,
ie.,
11 12 13
g MY M M £
A0 = M2t w22 w2 || Fo

h® M3 M2 f@

Using the above relations, we can uniquely represent the solution vectors (I4)-(I13) of the transmission problem (TD) with
the Dirichlet data on the exterior boundary of the composed solid in the following form

U =V (M O+ MPFO +MB D) () in QO 43)
U(Z)(x) — V;?)(lef(l) + MZZF(I) + M23f(2))(x)

+VE (M D+ MPFD + MP @) (x) in Q2 (44)
2

where fO, F(U and f@ are transmission and boundary data in the formulation of the problem (B)-(12).
Note that due to the mapping properties of the operators involved in @3)-#@4), we can conclude that if

1-1 1-1 _1
fYelB,, (S, f@e[B,," (S5, FYe[B,/(SPI° p>1, g1,
then

v e[B, @M  U?e[B) Q@] (45)
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Invertibility of the operator M in (32) implies that any pair of solutions to the Problem (TD) satisfying the inclusion (#3) is
representable in the form (@3)-(@4) and this representation is unique.

4 | GENERAL MIXED BOUNDARY-TRANSMISSION PROBLEM

Let us consider the most general mixed boundary-transmission problem for the composed solid Q) U Q®. To this end, we
assume that the interface surface .S, of the composed body under consideration contains an interfacial crack submanifold S,
and the transmission submanifold S,,, S| = S1c U SIT with S, () S+ = @, while the exterior boundary is divided into
two parts, the Dirichlet and Neumann parts, .S, = S,, J SzN with S, [ Son = @. Further, let £, = 4S5, = 05,7 and
¢y = 08,p = 05, . Again, for simplicity, we assume that S}, S,, Z;, and £, are infinitely smooth if not otherwise stated.

Mixed Boundary-Transmission Problem (MBT). Find solutions
v el @e, UP e @, p>1,

to the pseudo-oscillation equations of the GTEME theory

AP,y UP(x) =0, xeQ? p=1,2, (46)

satisfying the transmission conditions on the interface part S
(U@ - (U@} =P, xe Sy, 47)
(T n, D UP )Y = {TP0,, n,DUP(0)}” = FD(x), x€ 8, (43)

the interfacial crack conditions on S,

{(TO@,,n,HUDx)}T = F(x), x€ S,

(49)
(TP, n, ) UP (X)) = FCI(x), x€ S,
the Dirichlet condition on S,
U201 =P, xes,, (50)
and the Neumann condition on S,
(TP, n,UPx)} = FM(x), x€S,y. (51)
The transmission and boundary data belong to the natural function spaces,
ST e By S P € LBy (Sl FT € B, (Sl o)

_1 _1
FH FC€ e [B, (S0 FN e[B,;(Sy)°.

Theorem 5. Let S, S,, £, and £, be Lipschitz, conditions (32)) be satisfied with p = 2, and the relation (I3)) hold. Then the
mixed boundary-transmission problem (MBT) (@6)-(5I) possesses at most one solution in the space [W,'(Q")]® x [W,}(Q®)]°.

Proof. Actually, the proof of the theorem is quite similar to the proof of Theorem 8.1 in the reference Buchukuri etc2? and can
be verbatim performed. O

Note that the transmission and interfacial crack conditions (48)) and (#9) can be rewritten in the following equivalent form

{(TDO,,n,HUP)} —{TP0,,n, ) UP(x)} = FV(x), xe€ S|, (53)
TV, n,HUP)} + (TP, n,)UP(x))” = FPx) + Fx), x € S, (54)

where FO(, ce S
FO(x) = (55)

{ FD(x) — F€)(x), x € Sc.

Therefore, in the above formulation of the problem (MBT), instead of conditions (8)) and @9) we consider the relations (33)

and (34).
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We assume that the following necessary condition is satisfied
_1
F e [B, (S (56)

~ ~ 1-1 -1
Further, let /) and /' be some fixed extensions of the vector functions /7 € [B,,”(S,7)1® and f® € [B,,"(S,p)]°
respectively preserving the spaces. Then we can assume that

{UO@) = (UPx)) = D) +8(x) on S,

(UP0))* = FPx) +h(x) on S,
where 1 1
FT elB,, (S)r.  F (B, (S (57)
are known vector functions, while o N o
EE€IB,," (5101, heELB,,"(Sy)I° (58)
are unknown vector functions.
Motivated by the results obtained in Section 3] we look for solution pair to the problem (MBT) in the form (see Remark [2)):

UV (x) = Vé(’ll) (M”[fN(T) + 3]+ M2FD 4 B +%]> x) in QO, (59)
U(Z)(x) — V;?) (MZI[f‘(T) + ’g’] + MZZF(I) + M23[f(D) +z]> (X)

+ V2 (M + 31+ M2 FO + WP + 7)) 0 in QO (60)

where the operators M*" are defined in Remark [2] FD, FD) and FO are above introduced known vector functions, while g
and & are unknown vector functions.

In accordance with formulas @3)-(44)), derived in Remark[2] the vectors (39) and (60) under conditions (32)), (33), (36, 7,
and (58) belong to the spaces [I/V;(Q(l))]6 and [VV;(Q(Z))](’ respectively and automatically satisfy conditions @8), @2), (30),
and (33)). It remains to satisfy conditions (31) and (34) which lead to the following system of pseudodifferential equations with
respect to the unknown vectors g and h:

1 ) 1y 13~) (1 (2)>< 205 23~)
ro [ (=3 1o+ K5 (MUF+ MR ) + (5 1o+ ) (MP'F + MR

{rov® (g ) ] =60 on 5,

~ + ~
(7o () Y+ L1k ) 207 o 5

Sin 2
where the right hand sides are known vector functions
_ 1 (1) ~ ~
GV = FH 4 F©) _ IS, [( -3 I+ ICS] > (M“fm +MP2ZFD 4 M13f(D)>
+ (% Ig+ K9 ) (M2 T 4 M2 FO + M TP

- _1
+ {T@)V;j) (M“f‘“ +M2FD + M3 7 ‘D>) }S ] € [B,, (Si0)1°
1
+

G® = FIV) _ rs,, [{T(Z)Vg) (lef(r) L M2FD 4 M23J?(D)) }S
2

! . )| e 5
(= 3 1o+ Q) (WD - MEFO P TP )| € (B, ] (S,0)1"
Thanks to the relations (26) and (34)-(@2), and taking into account the equality (cf., Buchukuri etc23, formula (8.67))
M1 4M @171 @ _ 47 4D @1-1 4
As, [Asl - ASI] ASI - As, [Asl - As,] AS,’
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we can rewrite the above system as follows

M1 4M @171 ;@ 117 27 — ~0
rslc[—EASl [AD =AD" AT + AE + A h]_G on S, 1)
o
. [B(S;h+A21g+A22h] =G on S,y, (62)
where

@ ._ 1 @\ 1y @1-1

BY = (=5 o+ K5O

"n_ 1 m\g11, (1 @\ 21 @1, @y 31

A= (=S T+ R+ (5 1+ K5 L2 4+ r, 7OV,

N =r TV 4 ( - % o+ KL,

N2 =r T@)VS‘f)r\/ﬂ23 + ( - % Is + ’Cgf )[L%’

Note that B(;) is the Steklov-Poincré type pseudodifferential operator of order 1, while the operators A¥/, k, j = 1,2, are infinitely
smoothing operators.
Further, let us introduce the operators

M1 4D @171 4@ 11 12
T=|"s0c [ —2A5 ['ASI - 'ASI] Asl] 0 Q= rs]CA rs]CA
B 0 r BY|’ Tl r AL, A2

and rewrite system (&I)-(62) in matrix form
T+ =G
with

_~ ~1-1 ~1-1
& := @0 elB,, (S X[B,," (S
_1 _1
G :=(GV,GP)T €[B, ) (S,0)1° X[B, ] (S;\)1°.
Due to Theorems[10HI3[in Appendix, we have the following mapping property
T2 (B (101 X By (Syn)I° = [B; (S10)I° X [B; (S0, (63)
seER, p>1, qg>1.
Note that the operator @ considered between the function spaces involved in (63),
Q : [B(S,0)10 X B (Sop)I° = [BS (8,010 X [BS (Syy)1° (64)
seR, p>1,q2>1,
is an infinitely smoothing compact operator (see Remark [2)). Therefore the Fredholm properties of the operator
T+Q: (B8, 01° X (B ()] = [B)(810)1° X [B), (S,0)1°, (6)
seER, p>1,qg21,

coincides with the Fredholm properties of the operator (63)).

In what follows, we apply the theory of pseudodifferential operators on manifolds with boundary (see, e.g., Eskin’,
Shargorodsky2%) and show that operator (63) is invertible under some restrictions on the parameters s and p.

Denote by ©(Ag ; x, &, &) the principal homogeneous symbol matrix of the operator

c_ A 4 @11 4@
As, 1= AG[AG = AT A
and let A;l)(x) (= 1,_6) be the eigenvalues of the matrix
D(x) 1= [S(Ag;x,0,+ D] &(Ag;x,0,~1), x €, =0Sc.
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Similarly, let @(B(ZZ); x, &, &,) be the principal homogeneous symbol matrix of the operator B(;Z) and let A;z)(x) (= 1,_6) be the
eigenvalues of the matrix

Dy(x) 1= [&(B); x,0,+D]7 &(BY);x,0,-1), x € £, =0Syy.

Further, let

1 1 1 o
"= inf — arg AP(x), "= su — arg A;’(x),
. xef),1<j<6 21 g4, . xef1,12j§6 z 8% )
. 1 2 1 2)
':= inf — areg 1P(x), .= su — arg 1P(x),
V2 xef,,1<j<6 21 g J ) 2 XEL,, 12j§6 /4 & J )
y'i=min{yl,v5}), y" i=max{y{,y7}. (66)

By the same arguments, as in Buchukuri etc23, Subsection 5.7, we can show that one of the eigenvalues of the matrix D,(x)

equals to 1, which leads to the inequalities

1 !’ " ]
—-—=< <0< < =.
2 ST =TT S,

Theorem 6. Let the following inequalities hold

l<p<oo, 1<g<oo, l—1+y”<s+%<l+y'. (67)
p p

Then operator (63) is invertible.

Proof. 1f inequalities (67) are satisfied, then the operators
ro As D IB(S P = [B) (S0,

Sy

r, BY B (Sl = [B) (Sun)I's

S
are invertible (cf. Lemma 5.20 and Theorems 8.9 in Buchukuri etc3?). Therefore operator (63)) is invertible for s and p satisfying
the above inequalities and consequently (63) is Fredholm with zero index in view of compactness of the operator Q in (64).
Note that s = —% and p = 2 satisfy inequality (67). Now we show that the null space of operator (63) is trivial for s = —% and

p=q=2
- 1 1 1 1
Indeed, let a pair ® = (g, h) € [B,,(S,0)]1° X [B] ,(S)3)1° = [H, (S,0)1° X [H,} (S,5)]° be a solution to the homogeneous
equation
(T+Q®=0 (68)
and construct the vectors

00 =V (MUF+MT) ) in QD

09 =V (M21§+ M237z) W+ Ve (M31§+ M3371) x) in QO.

Evidently, U € W,/ QM)]® and u® e (W, (Q@)]°. Using the results presented in Remark 2] and taking into account
equation (G8), we conclude that the vectors U and U® solve the homogeneous Problem (MBT). Therefore U = 0 in QI
and U® = 0in Q® in view of the uniqueness Theorem 3l These equations imply that the densities of the potentials vanish on
the corresponding manifolds, i.e.,

M'"g+M3h=0 on S,

Mg +M>h =0 on S|,

Mg +MPh=0 on S,

which can be rewritten as
Ml 1 M 12 M13

MZI M22 M23
MSI M32 M33

(69)

S L
S
Il
(e}

with 7, = (0,0,0)T on .S.
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In accordance with Theorem[3]and Remark 2] the operator M = [Mkj ] 181 10 the left hand side of (69) is invertible from the
_1 1 _1 1 _1 21 _1 _1
space Yz,; = [322,2(51)] 6>< [Bzyz2 (Sl)] 6>< [32{2(5’2)]6 into the space Xzé = [32,22 (Sl)] 6>< [32’22 (Sl)]éx [Bzyz2 (Sz)] 6. Consequently,

we deduce g = 0 and h = 0. Thus, the null space of operator (63) is trivial for s = —% and p = g = 2 and consequently it is
invertible for s = —% and p = g = 2. Then by the general theory of pseudodifferential equations on manifolds with boundary
we conclude that operator (®3)) is invertible for all s and p satisfying inequality (@Z) for all ¢ > 1 (see, e.g., Theorem B1 in

Buchukuri etc3?). This completes the proof of the theorem. O

This invertibility theorem leads to the following existence result.

Theorem 7. Let the following inequality hold

_4 4

32y PSS T2y
with ¥/ and y " defined in (66)).
Then the mixed transmission problem (MBT) has a unique solution

U U®) e W, @) x W, @Q@)]°,

which can be represented by the single layer potentials (39)-(60).
Proof. Tt directly follows from Theorem[6]and Remark 2 O

With the help of the arguments applied in the proof of Theorem 5.22 in Buchukuri etc2?, we can deduce the following
regularity result.

Theorem 8. Let « > 0 and
[P e [CuS,p)°, FN) e [BZ;;O(SzN)]6,

[P ecus,ple, FDe [B;';;(Slr)]"’,

F©, F€ e [BSL (S,0)1°.
Then __
u®e (Icr@mne, p=12,
a’'<k

where 0 < ¥ = min{a, y’+%} < %

It is evident that the smoothness exponent k essentially depends on the material parameters and it can be explicitly determined
by the principal homogeneous symbol matrix of the pseudodifferential operator T.

S | APPENDIX

Here we collect some results which are employed in the main text of the paper. Proofs of the theorems presented in this
Appendix can be found in the reference Buchukuri etc33.

Let S be a closed simply connected surface surrounding a bounded region @+ = Q1 and Q- = Q® = R3\ Q*. Assume that
the domains QM and Q® are occupied by anisotropic homogeneous materials possessing different thermo-electro-magneto-
elastic properties described in the main text (see Section 3).

Fundamental matrices ['?)(x, ) of the operators AP (9, 1), f = 1,2, for r = 6 + iw with 6 > 0 and ® € R, read as

M, 1) = FL [(AP(-i¢, )7,

—X

o1, . , _ . . o .
where (AP)(=i &,7)) " is the matrix inverse to AP (—i ¢, 7), F, ., and F,! denote the direct and inverse distributional Fourier

—

transforms in the space of tempered distributions which for regular summable functions f and g read as follows

Fx—>§[f] = /f(x) eix"fdx’ Fg_—}x[g] 1 /g(g) e_ix'édf_
R3

T @y
R3
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These fundamental matrices solve the following distributional equations
AP@ TP (x,7) = I 6(x),

where I is 6 X 6 unit matrix and 6(x) is Dirac’s distribution. The entries of the matrix I'”(x, 7) in a vicinity of the origin have
the property

[O(x] Dsys (O]
[OM]s O™ |

while at infinity they have the following asymptotic behaviour
[ O(1xI) O(xI7%) O(1xI%) O(1x7%) O(Ix|%) O(lx|™ |
O(1x17) O(x|7) O(1xI7) O(x|7) O(1x|7*) Ox|™)
O(1x|7%) O(Ix]7) O(xI7) O(xI7) Ox|7) O(lx|™)
O(x|7) O(Ix17%) OxI7) O(xI7") O(x|™") Ox|~*)
O(x|7) O(Ix17%) OxI7) O(xI=") O(x|™") Ox|~)
O(xI™ O™ OxI=) O(xI7) O(x|?) 0(|X|‘3)_

F(ﬂ)(x, 7) =

r'x,z)=

6X6

Introduce the generalized single layer potential

vP(@)(x) = / IP(x - y,1)g0)dS,, f=12, xeR\S, (70)
s
where g = (g, -+, g6)" is a density vector function defined on the integration surface S.
Theorem 9. Let S € C™% 0<a<a’<1,andletm>1andk < m—1be nonnegative integers. Then the operator
V;ﬂ) . [Ck,a(S)]é N [Ck+l,a(§)]6

is continuous.
For any g € [C%%(5)]° and for any x € .S the following jump relations hold

P01 = HP g(x), (71
(TP, n(x), ) VP ()0} = [F27 I + KL 1 g(x), (72)
where Hgﬂ Visa weakly singular integral operator
HY g(x) := / IMx-y.r)g»ds,, xeS, (73)
S

while ]Cg) is a singular integral operator

Ky g(x) 1= / [T, n(x), TP (x =y, 7)1 81 dS,, x€S. (74)
S
The following operators are continuous

HY 1 [CRHS)° - [CH S, (75)
K [ckes)® - [chu(9)1°.

Moreover, operator ([Z3)) is invertible.
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Theorem 10. Lets e R, 1 < p< 0,1 £ g < 0,85 € C*. The operators V(ﬂ), Hgﬁ), and IC(;}), can be extended to the following
continuous operators

s+1 1 r s+1 1
VO BN = [H, @I [ 1B (I = [H, . @)1 ]

p,loc

s+1+1 s+1+1
VO LB — [By, @I | 1B (SN — B,/ @)1° |,

p.q, loc

HY - LS~ TS | 1B ()10~ (B (S |.

®) . s 6 s 6 [ N 6 s 6
KL [H(S) - [H3(S)] [ (B;, ()1 = [B;,()1° |-
For s > —1 the jump relations (ZI)-(72) remain valid in appropriate function spaces.
The operator
® . s 6 s+1 6

HY ¢ (B (S)N° = [BE(S)IF,  seR, p>1, g21,
is invertible.
Theorem 11. Let S = 0Q € C>% with @ > 0. An arbitrary solution to the homogeneous equation

AP0, UP =0 in @, UP e W@, p>1,
is uniquely representable in the form
-1 X 1-1
UP =vP([HP] g) with g={UP}E e [B,,” (0Q)]".
The Steklov-Poincaré type operators are defined by the following formulas
. - 1 -1
A = (=2 1 )

@) ._ (~-1 (2) @11
AY = (27 I+ KY)[HY]
and they are related to the single layer potentials by the relations

_ +
ALs = {700 Vi (] e) )

AJs = {700 V([ )}

Note that for arbitrary solution U® € [W!(Q®)]° of the equation AP(3, 7)UP = 0in QP p = 1,2, the Steklov-Poincaré
type operators relate the Dirichlet data {U”}% with the Neumann data {7 #U P},

M+ — AW ) Q= — A@D @O —
(TOUOY = ADUOY:,  (TOUP); = AR U,
1
Theorem 12. Let 7 = o + iw with 6 > 0 and @ € R. Then for all g € [H (S )]¢ there hold the coercivity inequalities

1
Re((AY + Mg, g)s > Cyllgl> . .
[H2 ()

Re((—AF +CPg. g)s 2 G llgl® |, .
[HZ(S)
where ] 1 ] 1
CVt [H} ()1~ [H,*($)I° and €? & [H}(S)I° = [H, *(S))°

are compact operators and C = 1,2, are positive constants.
The operator 1 ]

A 2 [H () — [H,  (5))°
is invertible, while 1 ]

AY  HZSI > [H, (91
is a Fredholm operator of index zero with the null space spanned over the vectors

¥ =0,0,0,1,0,0)", ¥? =(0,0,0,0,1,0). (76)
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Theorem 13. Lets e R, 1 < p< 0,1 < g < >, .S € C*. The operator
@) . s+1 6 s 6
AS L B > [BS ()]
is invertible, while the operator

S
is Fredholm of zero index with a two-dimensional null-space spanned over the vectors (Z6)).
The operator

@ . s s
AY B — [B) (S

A = AL BN — B (5)°

is invertible.
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