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Abstract

The main ambition proposed in this article is to provide new fixed point
results for triangular a—orbital admissible contractions via some auxiliary
and simulation functions in the frame of extended b—metric-like spaces. As
an application, we prove the existence of a unique solution for a nonlinear
fractional differential equation with exponential weighted integral boundary
conditions via the generalized proportional fractional derivative of Caputo
type with order § € (n — 1,n]. Further, we demonstrate the usability of our
results through several examples.
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1. Introduction

During the last decades, many researchers have focused on joining fixed point theory
with fractional calculus that deals with integrals and derivatives of arbitrary orders. Frac-
tional differential equations help model real-life problems into mathematical models more
accurately than the traditional ones, and fixed point theorems can provide unique solutions
for these equations.

Since, the outstanding fixed point result of Banach has been extended by using different
forms of contractive conditions in various generalized metric spaces. Some of the most
important generalizations of metric space are b—metric space in [9, 12], partial metric space
in [28], partial b—metric space in [36], metric-like space in [6], b—metric-like space in [4, 16].

Recently, a concept which is an extension of b—metric was presented by Parvaneh and
Ghoncheh [30, 31] under the name extended b—metric or p—metric. In consequence, the
authors in [32] proposed the concept of partial p—metric. Further, they generalized all of
the above mentioned spaces by introducing the notion of p—metric-like in [33] and presented
some basic properties of such spaces with some fixed point results for JSHR-contractions
in the setup of such spaces. Khojasteh et al. [25] introduced the notion of a simulation
function and consider a new class of contractions called Z—contractions with a view to
unify several existing fixed point results in the literature. In 2019, Karapinar et al. [18]
considered different families of auxiliary functions in order to prove some fixed point results
for a variety of triangular a—orbital admissible contractions defined on complete metric
spaces. Further, they applied their results on the existence of solutions of both ordinary
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and fractional boundary value problems.

On the other hand, it turned out that the methods used in the fractional calculus
are splendid when modeling long-memory processes and many phenomena that appear in
physics, chemistry, electricity, mechanics and many other disciplines [13, 14, 21, 26, 27, 29].
In recent years, several researchers in the field of fractional calculus felt the need for other
types of fractional operators to be more suitable for more complex systems. In [1, 20], the
authors proposed the conformable derivative which lacks the essential property that the
zero-order derivative for a function must be yield the function itself. In order to circumvent
this deficit, the authors in [7] redefined the conformable derivative. Following this way, in
[5, 17] the fractional version of the modified conformable derivative was suggested.

Following this tendency, fixed point results presented in [18] were extended to be con-
sidered on p—metric-like spaces. The concept of extension was based on using simulation
function and relaxing some conditions imposed on the considered auxiliary functions. Then
we apply the obtained fixed point results to provide sufficient conditions for the existence
of a unique solution for the following nonlinear fractional differential equation.

6D a(t) = f(t.a(t), teJ=[0,T], n-1<g<n, pe(0,1],
. r 1— 1.1
2D (t)]=0 = 0, 2:(1) :/ eMa(s)ds, 0<i<n—2,re(0,1), )\:Tp, 1)
0

where z : J - R, f: J xR — R are continuous functions and (C)Dﬁ # denotes the generalized
proportional fractional derivative of Caputo type of order 8 > 0.

2. Basic Concepts

We begin with giving some notations and preliminaries related with p—metric, partial
p—metric, p—metric-like spaces, simulation function and some auxiliary functions needed
to state our results. Let RT (Ny) be the set of nonnegative reals (integers) and T be given
as:

{Q:R* - R" : Qs a strictly increasing continuous function satisfying Qi) <t< Qt)}.
Definition 2.1. [31] Let X be a nonempty set and Q € Y. A function d, : X x X — R
1s a p—metric if it satisfies the following conditions for all x,y,z € X :

(dpl) dp(l’,y) =0 z= Y,

(dpy) dp(z,y) = dp(y, ),
(dps) dp(m,y) < Q(dp(ac,z) + dp(z,y)).

The pair (X, d,) is called a p—metric space.

Remark 2.1. Fvery metric is a p—metric with Q(t) =t and every b—metric with parameter
s > 1 1is a p—metric with Q(t) = st but not vice versa (see the next example).

Example 2.1. Let (X,d) be any metric space and p(z,y) = d(z,y) coshd(z,y), Vz,y € X,
then (X, p) is a p—metric space with Q(t) = tcosht. For x,y,z € X, we have
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plr,y) =0 dz,y) =0 =z =y,
pla,y) = p(y,©).
Using the fact that cosht > 1, V¢ & R™, implies
p(z,y) < [d(z,z) + d(z, y)] coshld(z, z) + d(z, y)]
< [p(z, 2) + p(z,y)] coshp(z, 2) + p(z, y)]
< Q(p(x, 2) + p(2,9))-
Further, if we define X = [0,1] and d(z,y) = |z — y|, then (X, p) is not a metric space for
p(0,1) = 1.5 > 2 x 0.56 = p(0,0.5) + p(0.5, 1).

Definition 2.2. [32] Let X be a nonempty set and Q € Y. A function p, : X x X — R
is a partial p—metric if for any z,y,z € X, the following conditions are satisfied:

(Pp1) Pp(2,y) = pp(w,2) = pp(y,y) & =1y,

(pp2) pp($ r) < pp( ),

(ppz) pp($ y) pr( )

(pps) Pp(,y) — pp(z, ) < Qpp(x, 2) + pp(2, ) — Pp(z, 2) — Py, 2)).

The pair (X,pp) is called a partial p—metric space.

Remark 2.2. If we define Q(t) = t, then a partial p—metric becomes partial metric and If
Q(t) = st for s > 1, then a partial p—metric becomes partial b—metric with parameter s.

Definition 2.3. [33] Let X be a nonempty set and Q € Y. A function o : X x X — R
is a p—metric-like if for any x,y,z € X, the following conditions hold:

(0p,) op(z,y) =0 = x =y,

1
(UP2) O—p('xay) = O—P<y>$)7
(0ps) op(z,y) < Q(op(x,2) + 0p(2,9)).
The pair (X, op) is called a p—metric-like space.
Remark 2.3. Since, every partial metric is a metric-like and every metric-like is a p—metric-
like with Q(t) = t. FEvery b—metric-like with parameter s > 1 is a p—metric like with

Q(t) = st. Also, every partial p—metric is a p—metric-like with a super additive function
Q €Y. However, the reverse implications do not hold in general.

Proposition 2.1. Let (X, 03) be a b—metric-like space with coefficient s > 1 and p(z,y) =
{(Ub(x,y)) where £ :— R is a strictly increasing function with t < £(t), ¥Vt and 0 = £(0).
Then (X, p) is a p—metric-like space with Q(t) = &(st).

Proof. For each z,y,z € X, we have

P($,y) =0= O-b(x7y) =0=z= Y,
p(@,y) = p(y, )
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and
p(z,y) = E(op(2,y))
< ¢(s[ow(z, 2) + op(z,9)])
< &(slé(on(, 2)) +E(0v(2,9))])
< &(slp(x, 2) + p(=z,9))
< Q(p(z,2) + p(2,9))
Hence, p is a p—metric-like on X. O

The aforesaid proposition provides several examples on a p—metric-like space.

Example 2.2. Let (X, 03) be a b—metric-like space with coefficient s > 1, then
1. p(x,y) = @Y — 1 is a p—metric-like with Q(t) = e — 1.

2. p(z,y) = op(z,y) + In (1 + op(z,y)) is a p—metric-like with Q(t) = st + In(1 + st).
3. p(z,y) = ov(x,y) cosh (op(z,y)) is a p—metric-like with Q(t) = st cosh(st).

4. p(z,y) = (op(z,9))? + op(z,y) is a p—metric-like with Q(t) = (st)? + st, g € N.

5. p(z,y) = e?@¥) In (1+ op(z,y)) is a p—metric-like with Q(t) = e In(1 + st).

6. p(z,y) = e”@Y) sinh =1 (e? @) is a p—metric-like with Q(t) = e tsinh~!(et).

7. p(z,y) = @Y sec™ (e @) is a p—metric-like with Q(t) = e sec™ ().

8. p(x,y) = @) tan=1 (e7@Y) —1) is a p—metric-like with Q(t) = % tan~1(est —1).

Every p—metric-like 0, on a nonempty set X generates a topology 7,, on X whose base
is the set of all open balls B(x,¢), V z € X and € > 0, where
B(z,e) ={y € X : |op(z,y) — op(x, z)| < €}
Definition 2.4. [33] Let (X,0,) be a p—metric-like space, x € X and {x,} be a sequence
mn X. Then,

(i) {zn} is said to converge to x with respect to 7, (we may write, , — x), if

nh_)m op(Tn, ) = op(x, x).

(13) {xn} is said to be Cauchy in (X, 0p), if

n }rlzgloo Up(l'n, (lZm)

exists and is finite.
(i13) (X,0p) is said to be complete, if for every Cauchy sequence {x,} in X, there exists
x € X such that

n}rllrgoo op(Tn, xm) = nan;O op(zn,x) = op(z, ).

Lemma 2.1. Let (X,0p,) be a p—metric-like space with parameter s > 1 and {x,} be a
convergent sequence in X such that

hgl op(Tn, xm) = hm op(xn,x) = op(z,2) =0, x € X. (2.1)

Then, every subsequence {xy, } with ny >k € N converges to the same limit v € X.
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Proof. Since, x, — x and lim;,_,o 0p(2y, x) = 0, then for a given € > 0
dnpeN: n>nyg = op(xy,z) <e.
From (oy,) and (2.1), we have
op(Tny,, 2) < Qlop(Tn,, zk) + op(k, )] = 0as ny > k — oo.

Therefore,

klin;o op(Tn,, ) = 0= op(x,x). (2.2)
(|

Lemma 2.2. [33] Let (X, 0,) be a p—metric-like space and {x,} be a convergent sequence
to a point x in X. Then, for any y € X, we have

Q! op(z,y)] — op(z,2) < lif_l)gf op(Tn,y)
< limsup op(2n,y) < Qlop(z,y) + op(z, )]
n—oo
The notions of (triangular) a—admissible mappings were defined at the first time in
[19, 35] and then these notions were modified in [34].
Definition 2.5. [34] Let (X,0,) be a p—metric-like space, T be a self-mapping on X and
a: X x X = R be a function, then
(1) T is called a—orbital admissible [34], if

reX, alz,Tz)>1 = oTz,T?z) > 1.
(2) T is called triangular a—orbital admissible [34], if T is a—orbital admissible and
z,y € X, a(z,y) > 1landa(y,Ty) >1 = oz, Ty) > 1.

(3) (X, 0p) is called a—complete [15] if every Cauchy sequence {xy,} in X with a(zp, Tpi1) >
1,V n € N, converges in the same manner shown in Definition 2.4.
(4) (X, 0p) is called a—regular [11], if for a point x and a sequence {xyn} in X
Ty —> x and &(Ty, Tpi1) > 1= a(zy,z) > 1, Vn e N.

Definition 2.6. [18] Let (X, d) be a metric space and A be the family of auziliary functions
h:X x X — R" such that

lim A(xn,yn) =1 = lim d(xy,,y,) = 0. (2.3)

n—oQ n—oo

Definition 2.7. [24] Let ¥ be the set of all altering distance functions v : Rt — RT that
satisfy:

(1) v is continuous and strictly increasing,

(2) ¥(t)=0 & t=0.
Definition 2.8. [25] Let Z be the set of all simulation functions ¢ : RT x R™ — R that
satisfy:

(Cl) C(t,S) <s—t,Vi,s>0,

(C2) If {tn} and {s,} are sequences in (0,00), then

lim ¢, = li_>rn sp > 0 = limsup ((tn, sn) < 0.
n (o]

n—00 n—o0
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Definition 2.9. Consider 0 < p <1, g € C and n = [Re(f)] + 1.
1. The proportional derivative of order p is defined by
D2 f(t) = (1= p)f(t) + pf(2). (2.4)
It is easy to figure out that

lim D?f(t) = f(t) and lim DPf(t) = f(t).
p—0+F p

— 1

Thus, the derivative given in (?7) is somehow considered to be more general than
the conformable derivative which evidently does not tend to the original function as
p tends to 0. Furthermore, D™P can be defined by

D™ f(t) = (D”...D") f(t)

n—times

d\n
= ((L=p)+p5)"f(2).

2. The generalized proportional fractional (GPF) integral of order B (Re() > 0) start-

ing from a has the from

I'B’pf(t) — ; /t e”%f(tfs) (t — S)ﬁflf(s)ds
‘ PPT(B) Ja
= p BT P (T ).

If we let p = 1, then one can obtain the definition of Riemann-Liouville fractional

derivative 4IP.
3. The GPF derwative of order  (Re(3) > 0) is given as

oDPPf(t) = DI f(1)
D™

t =1,
= gt L ¢ s

It is obvious that

limy oDPPf(t) = f(t) and ggllaDﬁ’f’f(t) = D?(t).

4. The GPF derivative of Caputo type of order B (Re(B) > 0) becomes
G DPPf() = (1" DM ) (1)

— 1 ‘ E(t*s) t n—pB—1 Dn,p d
g T e O
Lemma 2.3. For p € (0,1] and n = [Re(5)] + 1, we have
n—1 k
o epiop — i S PRO@) e
T D) = 10~ 3 (G - ke T

Lemma 2.4. Let f be integrable on t > a and Re(8) >0, p > 0, n = [Re(B)] + 1. Then
we have

SDPP PP F(t) = f().
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Proposition 2.2. Let o, € C be such that Re(8) > 0. Then, for any p > 0, we have

o1 o1, e
(1) (oI®Pe 7 ‘(t—a)P~1)(z) = %e 7 Y(x —a)*TB71 Re(a) > 0.

(2) (D207 (¢ = )’ ) (@) = F3 56T (e = @) 70, Re(a) 2.0
Proposition 2.3. For 8 € C with Re(f8) > 0 and p € (0,1], n = [Re(S8)] + 1, we have

n—1 g_k/ nk, a
zDﬂ’pf(t) = QD’B’pf(t) B pl_‘(k(flp—f)ﬂ() )

(t— a)kiﬁe%l(tf”).

o

=0
3. Fixed Point Results

Theorem 3.1. Let (X,0,) be a p—metric-like space and T : X — X be a triangular
a—orbital admissible mapping. Suppose that for all z,y € X with a(x,y) > 1,

(@, y)(Qop(Ta, Ty))), Mz, y)P(op(z,y))) 20, (€2, Y €V, (3.1)
where
R(z,y) = max { Up(x,fpw(la’py()y, Ty) cop(z,y),0p(x, Tx),
Q1 [0,(x, Ty) + 0y, Tx)
Op(yaTy)7 9 |: 2 :| }

Consider that the following properties hold true:
(a) (X, 0p) is a—complete and a—regular.
(b) For all z,y € Fix(T), we have a(z,y) > 1, where Fixz(T) denotes the set of fized
points of T
Moreover, if there exists xog € X such that a(xo, Txo) > 1, then T has a unique fized point.

Proof. Let xo € X be such that a(zg,T'z¢) > 1 and define a sequence {z,} C X as

Tpyl = Tx,, Vn e Np. (32)
Regarding that T is a— orbital admissible, we deduce by induction that
a(Tp, Tpt1) > 1, V. (3.3)

If op(p, nt1) = 0 for some n, then z, = x,4; and hence z,, is a fixed point of T'. So, we
assume that
op(Tn, Tny1) >0, Vn. (3.4)

From (3.2) - (3.4), we apply (3.1) at © = z,_1 and y = z,, to get
0< C(O‘(xn—lawn)w(Q(Up(xmxn-l—l)))? h(xn—lvxn)w(R(xn—hxn))) (3 5)
< M(@n—1, )P (R(Tn-1,2n)) — a(@p-1, 2n) Y (Q0p(Tn, Tpt1))), '
where
Op(Tn—1, Tn)0p(Tn, Tni1)
op(Tn—1,2n)
Ot op(Tn—1, Tnt1) + ap(xn,xn)] }

R(wn 1, 20) — max{ T

Up($n,l‘n+1), 9 9
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If op(zn—1,2pn) < op(Tpn, Tnt1) for some n, then

0t |:0'p(xn—17 xn—&—l) + Up(ﬂ'fn, 'rn)
2 2

< Q_l [Q(Up(xnlaxn) + O'p(l'na xn+1)) + Q(O'p(l‘nal'nJrl) + O'p(l'nJrla:En))

- 2 2
< 0p(Tn; Tnt1),
= R(zp—1,2n) = 0p(Tn, Tnt1)-
From (3.5), we get
Y(op(Tn, Tn+1)) < a(@n—1, 2n) P (Q(0p(Tn, Tny1)))
< h(@n—1, 2n) P (0p(Tn, Tnt1)) < P(op(@n, Tnt1)),
which is a contradiction. Hence,
op(Tn, Tny1) < op(@n_1,2y), V n. (3.6)

Now, op(zy, Tn+1) is monotone decreasing sequence of positive reals. Therefore, there exists
r > 0 such that

nh_)rgo op(Tn, Tny1) =1 (3.7)

We show that » = 0. Suppose, to the contrary, that » > 0. Using (3.5) - (3.7) and the
properties on 1, we obtain

¢(T) (*1!J(O'p(xn, anrl)) S O‘($n*17 xn)¢(Q(O_p($n, anrl)))
< h(@p—1,2p)(0p(Xn—1,2n)) < Y(op(Tn_1,2y)) —> P(r) > 0asn — oo.

Therefore,
T}Lrlgoa(xn_l,xn)w(ﬁ(ap(xn, Tpt1))) = Jgngoh(xn—l’xn)w(ap(xn—lvxn)) =1(r) > 0.

Now, we can apply ((2) to obtain a contradiction, hence r = 0.

nhﬁnolo op(Tn, Tnt1) = 0. (3.8)
Now, we show that
n,rl)i,lgoo op(zn, zm) = 0. (3.9)
Consider the sequence
Ry =sup {op(zn,2m) :m>n>k}, VkeN. (3.10)

Moreover, one can figure out that
kli_)rgo R,=0 = mgr_rioo op(Tn, zm) =0
and
0<...<Ry1 <Rp<...<Ri.
Hence, the sequence {Ry} is decreasing and bounded below by zero. Consequently, there
exists r > 0 such that
lim Ry =r. (3.11)

k—o0
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In view of (3.10), we conclude that

1 1
V/{ZEN(%>0), dmp >ng >k Rk_%<0'p(xnkaxmk)<Rk-

Indeed, we use the nonzero terms of the sequence {o,(2n, ,Zm,)}ren to prove that r = 0
(we assume, on the contrary, that » > 0). Letting ¥ — oo in the above inequality, together
with (3.11) imply

klggo op(Tnys Tmy) =T (3.12)

Applying (3.1) with = 2,1, ¥ = Tm,—1 and using the facts that

< Up(xnkflaxmkfl) +Up(ajnk,xmk)
B 2
S max{ap($nk*17 xmkfl)a Up(xnk 5 ."Emk)}

QO op(@n, 1, Tm, ) + 0p(Tm, 1, Q!
P( ng—1 mk) P( mp—1 nk):| < [Q(ap(xnk_l,:rmk_l)—i—ap(xnk,xmk))

and
O—p(wnk—laxnk) > Up(xmk—laxmk)a (fOI‘, ny < mk)a
together with the properties on (, 1, a, h and T', we reach
0 S C(a(xnk_h xmk—1)¢(Q(Up(xnk7 xmk)))a h(xnk—lv xmk—l)d}(R(xnk—l; xmk—l)))
< h(xnk—lv xmk_l)w(R(mnk_h xmk_l)) - a(mnk—lﬂ xmk—l)w(ﬂ(ap(xnwxmk)))v

where

(3.13)

0p(Tny—1, Tny, ) Op(Tmy—1, Ty, )
Jp(:pnkflvl'mkfl)
! Gp(xnk—lvxmk) + Up(xmk—hxmc)
2 2
< max { Up<mnk—17xnk)ap(xmk—hxmk)
O-p(xnk_17wmk_1)

R(aj’nk*l? xmkfl) = max { Y O-p(xnk*].? xmk71)7 O-p(l‘nkfla $nk)7

Up(xmk—hxmk)?

70_p($nk—17 x’nk)7

Up<mnk—17 mmk_1>7 Up(x’nkv xmk)}

We should consider the following cases:

(250 1) T Rl 15y 1) = S0 (o1, — 30, 1, ). Then, (319

becomes
0 <(r) < (op(Tnys Tmy)) < a(Tny—1, Ty~ 1)V (0p(Tny, Tmy,))
< M@y 1, Ty~ 1)V (R( 21, Ty —1))
< Y(R(xn,—1,Tmy—1)) — ¥(0) as k — oo = contradiction.
(case 2.) If R(zp,—1,%my—1) = 0p(Zn,, Tm,, ). Then, (3.13) becomes
V(0p(Tny, Tmy,)) < U(Tny—15 Ty —1) Y (0p(Tny, Ty, ))

< W @ny—1, Ty —1) Y (R(Zny—1, Tmp—1)) < Y(0p(Tny, Tm,)) = contradiction.
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Therefore, R(xp,—1,Tm,—1) must equal op(xp,—1,Tm,—1) and then
Up(xnkpxmk) < Up(xnk—l’xmk—l) < Rk(OI‘, Ry — 1)

Thus,

klgrolo ob(Tnp—1, Tmy—1) =T (3.14)

On account of the above observations, we use (3.13) and then ({3) to obtain
(1) = Y(op(Tng, Ty ) < (@15 Ty~ 1) (AU0p (T Ty, )
< (@15 g —1) Y (0p(Tny—1, Trny—1)) < Y(0p(Tny—1, Timy—1)) — P(r) as k — oo.
Hence,

0< hm_f'up ((Oz(l‘nk,h Ty~ 1) (0p (T Tmy,) )y M( Ty —15 Trng—1) Y (0p (T -1, xmkfl)))

<0,

which gives a contradiction, then » = 0. Thus, (3.9) holds true and the sequence {z,} is
op—Cauchy. By the completeness of (X, 0,), there exists € X such that

nlgrolo op(zn,x) = op(x,x) = mlrllrgoo op(Tn, Tm) = 0. (3.15)

Now, consider the subsequence {z,, } of the sequence {z,} such that
op(Tn,,x) >0 and op(zp,41,Tx) >0, Vn, >keN.
Lemma 2.1, together with (3.15) imply that
klin;o op(Tn,,z) =0. (3.16)
To prove that x = Tz, we have to distinguish two cases:

(case 1.) If op(zp,41,TT) < op(Tn,, ).
In this case, we reach our desired result as follows:

op(x,Tx) < Qlop(x, Tny11) + 0p(@ng41, T2)] — 0 as n — oo. (3.17)

Hence, op(z,T2) =0= o =Tx.
(case 2.) If op(xp,+1,T2) > 0p(xp,, ). In this case, we have
Q! Jp(xnk? Tx) + UP('rv xnk-i-l) < Q!
2 2 -2
< max{oy(xn,+1,T2),0p(x,Tx)}.

[Q (op(@nyt1, Tx) + op(, Tx))

Since X is a—regular and z,, — z in X, then a(zy,,,z) > 1 and then apply (3.1)
to obtain
0< C(oz(xnk,x)l/}(Q(O'p(xnk+1, Tz))), h(xnk7x)w(R(xnk7x))) (3.18)
< h(xnkvx)¢(R(xnk7$)) - O‘(xnkv x)w(Q(Up(mnk-i-l’ T$)))7
where
0p(Tnys Tny+1)0p(x, T'r)
1+ 0y (g, 2)

R(xnk ) l‘) < max { ) O-p(‘rnk ) xnkJrl)? O-P(xa Tl')7 Jp($nk+17 Tl')}

‘We have three subcases:
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1. If R(xy,, ) = Up(x"fjrx;p’“(;l)aigx’Tx) (or, 0p(2p,, Tny+1)), then equation (3.18) implies
nk}

1/1(Up(37nk+1a Tx)) < a(xnk ) x)w(Q(Up(xnk+1v T(IZ)))

< Wy, )Y (R(ny, ) < (R(2n,, 2)) = 1$(0) = 0 as k = oo,
= kli_}rn op(Tny+1,Tx) =0,

= op(z,Tx) < Qop(w, Tnyt1) + 0p(Tny41, Tx)] — 0

= z="Tux.

2. If R(zp,,z) < op(z,Tz). Then, Lemma 2.2 and Eq. (3.18) yield that

$(0p(2,T2)) < B0y (g1, T2))) < gy D)y (11, T2)))
< WMan,, z)Y(R(zn,, x)) < Y(op(x,Tx)) = contradiction.

3. If R(zp,,x) < op(zn,+1,T). Then, Eq. (3.18) implies

P(Opt1,T2)) < Ay, D)0y 11, T)
< h(@n,, 2)Y(op(Tn+1, Tx)) < Y(op(@n,+1,Tx)) = contradiction.

Therefor, in all cases we get that x is a fixed point of T'. To show that this fixed point in
unique, suppose that y € X is another fixed point of T" and apply (3.1) to get the opposite.

< h(%y)iﬁ(R(ﬂfvy)) - a(m,y)¢(Q(Up(x,y)))

Further arguments such as that above we can arrive at x = y. Hence, we end up with the
uniqueness of the fixed point of T. O

Example 3.1. Let X =[0,1] and 0, : X — X be given as

op(z,y) = e@ty)® _ 1,: Vz,y € X.
Then, (X,0p) is a p—metric-like space with Q(t) = e* — 1 (see, Exzample 2.2). Define
a: X xX >R AMXxX—(0,1,T:X—>X,9YeVand € Z by

a(wy) =", hr.y) =1, Te = Vaye X,

P(t) =In (1—}-%111(14—75)), C(t,s) = g —t.

Since the only Cauchy sequence in X is {%}neN which satisfies a(zy, zp+1) > 1, V n.
This sequence converges to 0 € X and a(z,,0) > 1, V n. Then (X, 0,) is a—complete and
a—regular p—metric-like space. Also, we have

ale,Tz) >1=2>Te=Tr > T = ofTz, Tz) > 1,
a(z,Tz) > land a(z,Tx) > 1=z >yandy > Ty = x > Ty = a(x,Ty) > 1.
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Therefore, T' is a triangular a—orbital admissible mapping. Now, we show that T also
satisfy the contractive condition (3.1).

a(w,y)w(ﬂ(ap(TxyTy))) < ex—yw(e4[e(%@+%>3_1] - 1)

1 x4 Y3
<" VIn(l1+ 1 111(64[6(10+10> D))
r— €z Y3
< Yy -z
SSTRETY
e’ Y 3
<
< 103 (x +vy)
e’ Y 1 3
< gz 100 (1+ (@ +y)*)
ety 1 2)3
< g 100In (1+ S Infl 4 el — 1))
erv 1
< gz 100 In (1+ 1 In[1 + op(z,y)])
ety 1
h(x,y
< (2 )¢(R($,y)),

L oo< c<a<m,y>w(9<ap<Tw,Ty>>, h(m,yW(R(x,y))).

Hence, all conditions of Theorem 3.1 are satisfied and 7" has one fixed point 0 € X.

Example 3.2. Let X =[1,3] and 0, : X — X be given as
op(z,y) = e@)? goc1 e(”+y)2,: Va,yeX.

Then, (X, 0p) is a p—metric-like space with Q(t) = e* sec™! e?* (see, Example 2.2). Define
a: XXX 3R h:XxX— (0,1, T:X—>X,veVandeZ by

Oé(ZL',y) :e:t—y, h(.%',y) =1, Tx:%V%yEXa
1 2 S

¢(t) =In (7 ln(it))a C(tv S) =5t
T s 2

Indeed, (X, 0p) is a—complete and a—regular p—metric-like space and T is a triangular
a—orbital admissible mapping. By using the fact that sec™!2 < 5, Vo > 1, we show that
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T also satisfy the contractive condition (3.1).

a(z, y)¢(Q(ap(TfL', Ty))) < eV (Q[e(%+%)2 sec! e(%+ﬁ)2])

< ex—yw(eZ[e(TIG‘"iyO)2 sec™ 1 e(ﬂzi+1gﬁ)2] sec_l 62[6(%"'1&0)2 sec™ 1 e(i%+1yﬁ)2])
<e"YIn (% ln(%ez[e(%ﬁ%>2 sec™! 6(%+%)2]g))
< e Yin (l (2[6(%+%)2 sec™ ! e(%Jr%)Q]))
T
1 y 2T
< e Y1n (= (2[eli5t76)" =
evin (L (2fe B+ )
et Y 9
< 10 (x+y)
< e’ 181In (= ln(—e(r+y)2 sec™! e(x+y)2)
- 102 T o7
et Y 1 2
< Toz 181n (% ln(;ap(x,y)))
h
< M09y (R, y)),

= 0< C<a(way)w(9(ap(Tx,Ty)))yh(%y)w(R(w, y)))-

Hence, all conditions of Theorem 3.1 are satisfied and 7" has one fixed point 0 € X.

Remark 3.1. In Theorem 3.1, we did not use the property (2.3) of the mapping h defined
in [18]. Moreover, we can use this property instead of (2 to obtain the same result. Also,
we can replace the a—regular property of X by the continuity of T.

Taking ((t,s) = As —t, X € [0,1), we obtain the following corollary which extends
Theorem 2.2 in [18].

Corollary 3.1. Let (X,0,) be a p—metric-like space and T : X — X be a triangular
a—orbital admissible mapping. Suppose that for all z,y € X with a(x,y) > 1,

Ck([B,y)’Lﬂ(Q(Up(TJ},Ty))) S Ah(x,y)a,b(a;;(:c,y)), (319)
where Y € ¥, h: X x X —[0,1) and
o) = max J 72 T2)op(y, Ty)
R( 7y) - { O_p(x’y)

Q; [ap(:r,Ty) ;— ap(y,Tx)] }

Consider that the following properties hold true:

cop(z,y), 0p(x, Tx),

op(y, Ty),

(a) (X,0p) is a—complete and a—regular.
(b) For all z,y € Fix(T), we have a(z,y) > 1, where Fixz(T) denotes the set of fized
points of T

Moreover, if there exists xog € X such that a(xo, Txo) > 1, then T has a unique fized point.
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In fact, considering new examples of p—metric-like such as those ones given in Example
2.2 yields some new results which generalize an extend many recent results in b—metric-like
spaces and other metric type spaces.

Corollary 3.2. Let (X, 0p) be a b—metric-like space with parameter s > 1 and T : X — X
be a triangular a—orbital admissible mapping. Suppose that for all x,y € X with a(z,y) >
L,
¢(a(@, y)(sinh(ssinh(ay(Tz, Ty)))), h(zx, y)ib(sinh(op (2, y)))) >0, (3:20)
where ( € Z, Y € ¥, h: X x X —[0,1) and
R(z,y) = max sinh(ab(xiTx)) sinh(op(y, Ty))
sinh(oy(,y))
. sinh~! [sinh(o x,Ty)) + sinh(op(y, Tx
smh(ab(y,Ty)), 5 ( b( y)) ( b(y )):|}
S 2
Consider that the following properties hold true:

,sinh(op(z,y)), sinh(oy(z, T'z)),

(a) (X,o0p) is a—complete and a—regular.
(b) For all z,y € Fix(T), we have a(z,y) > 1, where Fiz(T) denotes the set of fized
points of T'.
Moreover, if there exists xog € X such that a(xo, Txg) > 1, then T' has a unique fized point.

Let (X, <,0) be a partially ordered p—metric-like space and o : X x X — R™ be given
as:
_J L ey
ow,y) = { 0, otherwise.

Therefore, we can derive the following important result in the framework of partially ordered
p—metric-like spaces.

Corollary 3.3. Let (X,0p) be a complete p—metric-like space and T : X — X be a nonde-
creasing mapping such that for oll x,y € X with x <y, it follows that

¢(alz, y)(Qop(Tz, Ty))), Mz, y)P(op(z,y))) = 0, (3.21)
where ( € Z, € ¥, h: X x X —[0,1) and
op(z, Tx)op(y, T'y)
R(z,y :max{ P P sop(x,y), op(x, Tx),
(z,1) (). oy )
Q! op(z, Ty) + op(y, Tx)
o, Ty), — [ L 5 . :
Consider that the following properties hold true:
(a) X satisfy the following property
If a nondecreasing sequence {x,} — = € X, then x,, <z, ¥ n. (3.22)

(b) For every two fized points x and y of T, © = y.
Moreover, if there exists xqg € X such that xg < Txq, then T has a unique fixed point.

Taking ¥(t) = t, ((t,s) = As—t, Vi, s e RT A€ [0,1), a(z,y) = h(z,y) =1, Va,y € X,
we obtain an extension of Banach contraction principle in a p—metric-like space.
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Corollary 3.4. Let (X, 0p) be a complete p—metric-like space and T : X — X be such that
op(Tz, Ty) < Aop(z,y), Vz,ye X. (3.23)
Then T has a unique fized point.

4. Fractional Differential Equations

By virtue of the results obtained in the previous section, we give an existence theorem
for a solution of problem (1.1) that belongs to X = C(J,R). A thing that we must admit
is that the considered problem is inspired in [18] but under different conditions.

Let X = C(J,R) be the set of continuous real functions defined on J = [0, 7], 7 > 0 and
op: X x X — RT be given as

op(z,y) = o(x,y)cosho(x,y), Va,ye X,
where
o(z,y) = max (Jz@®)] + ly()]), Yo,ye X, te
Further, we endow (X, 0,) with an order
rry < z(t) >yt), VieJ
and then define a: X x X — R as

1
1 —
K, TrZy;
alz,y) = P .
(@,y) { 0, otherwise,

where

nrn1

pB |n7-nflef)\7' —rn

1
Kp = ‘ [E17,3+2()‘> ’l“) + E17,B+1 ()\, 7')] + p7E175+1(A, 7').

Here, E, (A, 2z) is the modified version of the Mittag-LefHler function defined by

ak+5 1
Eop(\, 2z) = Z)\ Tk 1 7) (0£XNER, z,a,8 € C, Re(a) > 0).

Obviously, (X, o) is a—regular and a—complete p—metric-like space with
Q(t) = tcosht.

In what follows, we provide an integral representation for the solution of our considered
problem that will be needed in the sequel.

Lemma 4.1. The function x € X is a solution of problem (1.1) if and only if,

x(t) =

tnfl —At

PPT(B) [nT” Le—AT —r"]
[/ / (s — 2)°7 L f(2,2(2))dzds — /T e M) (1 — )P f (s, 2(s))ds (4.1)
0

/O A (¢ — )5 f(s, 2(s))ds.

pﬁf(ﬁ)
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Proof. We may reduce (1.1) to the equivalent integral form given in (4.1) by applying the
operator oI?” on both sides of equation (1.1) and making use of Lemma 2.3.
-1 Dk’px L L=l B.p
kz T k:+1 (DP2)(0) i 25 +oIPP f(t,2(1)). (4.2)

Moreover, the condition () (t)|;—g = 0 implies (D**z)(0) =0, V0 <i < n — 2. Hence,

(D"~ 1) (0)
)

= Cnfltn_le_kt + ofﬂ’pf(t,{l,‘(t)).
Now, we compute the value of ¢,,—;. From (4.3), we get
(1) = cp1T e 4 OIﬁ’pf(T, :C(T)) (4.4)

" As _ " n—1 " B,p
/0 ex(s)ds = cp— 1/ ds+/ SoIP f(s,2(s))ds

/\z 5 1
"n pBI‘ / / f(z,z(2))dzds.
By x(1) = fo *x(s)ds, combining with (4.4) and (4.5), we deduce

m—1,550 +oIPPf(t,2(t)) (4.3)

n
PPT(B) [nT” le=AT _ T”]

[/ / (s —2) 7 f(2, (2 ))dzds—/T e NT=8) (7 _ )81 (s, 1(s))ds .

0

Cpn—1 =

Substituting ¢,_1 in equation (4.2), we gain (4.1). Conversely, we apply the operator oD%
on both sides of equation (4.2) with Lemma 2.4, Propositions 2.2 and 2.3 to obtain

n-l 5k Dk,p 0 1
5, p 2)(0) kg e=te B 1,
oDMel) =3 gy ¢ e oD x(0)
§DPPa(t) = f(t,x(t)).

Furthermore, we have X (0) =0, V0 <i<n—2 and

r

[ et = |+ @), [ e G
: e o

r
B PPT(B) [m’”flefh —rn
n—le—)\T

_ nr - ,B i »
B pﬁf(ﬂ) [n']—”—le—AT _Tn / / f( ( ))d d

- } /0 AT (7 — 5)571 (s, 2(s))ds

r
B pPT(B) [m'”_le_” —rn

= x(7).
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This finishes the proof. U

Define the operator T : X — X as follows:

nt"— 1 7)\t
pBI‘ ﬁ)[ = 16—)\T_rn]

[/ / s =2 (o a(z ))dzds—/OTS_A(T‘S)(T—s)ﬁ‘lf(s,x(s))ds (4.6)

e M=) (1 — )P (s, 2(s))ds.
pﬁw)/ (t = )7 f(s 2(s)d

Tz(t) =

In view of Lemma 4.1, if z € X is a fixed point of T" then it is a solution of (1.1).

Theorem 4.1. Assume that:

(A) If z,y € X with x =y, then

f@t2t) = f(ty(t))

and
7 ()] + 17 y(0)] < 3 sinh™ (sinh™ 2((a(s)] + ly(s))), V1€

(B) There exists xg € X such that xo = Tx.
(C) K, <1.

Then the problem (1.1) has a solution in z € X.

Proof. Consider the mapping 7' : X — X defined by (4.6). It follows from (A) that the
mapping T is increasing w. r. t. =, hence it is triangular a—orbital admissible. Now, from
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(B) and (C), we have for all z,y € X with z > y

o(Ta, Ty) = max (Ta(t)] + [Ty())

< (et | ] = 9 DA a5yt

teJ B)|nrn—le=A7

T N9 (1 )L (s, (s 5,y(s))l] ds
+/0 Mr=a)( )1[\f(,())!+!f(,y())l}d]

t
+—— [ e M0 — B F (s, 2(8)| + | f (s, y(s ds)
S [ = )]+ s
< lsinhf1 sinh™!(20(z,y)) x max ni"e / / (s — )" dzds
— 4 7 te \ pBT(B) ‘m'”_le_)” |
T 1
+/ e M) (r — s B_lds] + / e M8 (¢ — 5)B- 1ds>
0 ( ) PPL(B) Jo ¢=2)
1 nt" 1,—Xt k+ﬁ+1
< Zsinh~tsinh™1(2 kT
=g om s (20(@,y)) Her <p51“(5)‘n7'"16/\7 — | [ Z)\ I'k+B8+2)

+eVT(B) EOO I } + 1 —MF § :)\k e )
(&
= T(k+B+1) PPT( I'k+p5+1)

1
< 1 sinh ™! sinh ™! (20(z,y))
nTnfl 1
E )\, E )‘7 —E )\’
<p:8}n7-n16)\7- — r"‘ [ 1”6—’_2( T) " 17ﬁ+1( T)] " pﬁ 1”8+1( 7_)>

1
< sz sinh ! sinh ™! (20 (z,)).

Taking (1) = sinh ™' sinh™1(2r}), h(r1,72) = 1 and (1, 72) = 2 =7y, Vryrm € R,
we deduce that

O‘(li7 y)¢(Q(Up(Txa Ty)))

< —(o(Tx, Ty) cosh(o(Tx, Ty)) cosh(o(Tx, Ty) cosh(o(Txz, Ty))))

<

N‘Hg‘p

B}

sinh ™! sinh ! (20(Tx, Ty) cosh(o (T, Ty)) cosh(o(Tx, Ty) cosh(o(Tz, Ty))))
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1 ..
< Fsmh (20(Tz,Ty) cosh(o(Tz, Ty)))
p

1

% sinh ™! sinh ™! (20(z, y))
< h(z,y)(o(z,y)),

L o< <(a<x,y>w(ﬂ<ap<Tm,Ty>>), h(x,yww(a:,y»).

All obtained results in this section yield to the fact that all the hypotheses of Theorem 3.1
are satisfied and hence the mapping 7" has one fixed point in X which is a solution of the
integral equation (4.1) that is equivalent to our considered problem (1.1). O

IN

5. Concluding Remarks and Observations

We have applied our fixed point results on the existence and uniqueness of fractional
differential equations that include different types of fractional operators named as gener-
alized proportional factional derivatives and with exponential weighted integral boundary
conditions.

Due to the singularities found in the traditional fractional operators which are thought to
make some difficulties in the modeling process. In future works, we look forward to deal with
new types of non-singular fractional operators such as those mentioned in [2, 3, 8, 10, 22, 23].
Some of these operators contain exponential kernels and some of them involve the Mittag-
Leffler functions.
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