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Abstract

In this paper, random coupled Ginzburg-Landau equation driven by colored
noise on unbounded domains is considered, in which nonlinear term satisfies
local Lipschitz condition. It is shown that random attractor of such coupled
Ginzburg-Landau equation is singleton set, and the components of solutions are
very close when the coupling parameter becomes large enough.
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1. Introduction

Synchronization phenomenon, which was discovered in many fields such as
physics, biology, and social science [1, 2, 3], has been paid more attention due to
its extensive applications in secure communications, optimization of nonlinear
system performance [4, 5]. Synchronization of deterministic coupled dissipative
systems has been investigated [6, 7, 8].

Since noise is omnipresent in real world, random perturbation is an impor-
tant factor worthy of being considered in synchronization. The persistence and
convergence rate of synchronization under additive noise were investigated in [9]

and [10], respectively. Moreover, synchronization of coupled sine-Gordon wave
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model on bounded domain perturbed by additive white noise was investigated
by the quasi-stability method [11].

For linear multiplicative noises, synchronization of Stratonovich stochastic
differential equations was investigated in [12] by transforming it to random
ordinary differential equations. Recently, synchronization for additive noise and
linear multiplicative noise was investigated in [13] by the theory of Imkeller and
Schmalfuss. However, the methods in the above references can not deal with
synchronization for systems with nonlinear noise. Z. Li and J. Liu [14] proved the
synchronization result for stochastic differential equations with general nonlinear
multiplicative noise in the mean square sense.

It is worth mentioning that nonlinear terms in the above literature satisfy
one-sided dissipative Lipschitz conditions or global Lipschitz conditions. When
nonlinear term satisfies local Lipschitz condition, random attractor and syn-
chronization were studied for stochastic reaction-diffusion system with additive
space-time noise on a thin bounded domain [15].

Motivated by the above literature, in this paper, we will consider random
coupled complex Ginzburg-Landau equation driven by colored noise on un-

bounded domains

a &

(';Lt — (1 +iNAU = —p1u® + f(u) + (v —u) + u°Gs () ,

a €

31; — (1 +iN) AV = —pov® + f(v°) + e(u® — v°) + v°Gs (Ow) , (L.1)

w (1, x) = ur(x), v°(1,2) = v (),

where u®(t, x), v°(t,x) are unknown complex-value functions, t > 7, x € R, i is
the imaginary unit, A, 1 € R, p1, p2 > 0, the nonlinear term f(u) = —(1+ip) |
u |? u is complex-valued function, € > 0 is coupling parameter, and Gs(f;w)
is colored noise introduced in [16, 17] and is the unique stationary solution of
stochastic differential equation dGs + %Q(;dt = %dW.

It is worth noting that the nonlinear term f in (1.1) does not satisfy glob-
al Lipschitz conditions such as [11] and one-sided Lipschitz conditions such as

[12, 13]. Moreover, different from the case of bounded domain in [11, 15], Sobolev

embedding on unbounded domain is noncompact. In [19], the authors investi-
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gated random attractor for nonautonomous random Ginzburg-Landau equation
on unbounded domain driven by nonlinear colored noise by the tail-estimates
method and the properties of the colored noise. In this paper, we will further
prove that the solutions of (1.1) converge pathwise to each other and random
attractor set is singleton set in Section 3. Moreover, it will be also proved the
solution (uf,v¥) of coupled system (1.1) satisfies EETOO |lus(t) — v=(¥)||> = 0
uniformly on any bounded time-interval. In addition, one can refer to [18]
for random attractor of fractional Ginzburg-Landau equations on bounded do-
main driven by colored noise and [20] for random attractor of coupled fractional
Ginzburg-Landau equation.

Throughout this paper, let || - || and (-,-) denote the norm and the inner
product of L? (R), respectively. The Sobolev space H*(R) (k € N) consists of all

u € L? (R) whose weak derivatives up to order k belong to L? (R) as well, which

2

is a separable Banach space with norm |[ullgr®) == [ > J[p |Du(z)|? da
le|<k

Denote ‘gﬁ—jk([@) = HUH?{;C(R) + ||v||§-[k(]]{)7 |§|lzk(R) = ||u||]zk(R) + ||U||]zk(]R)a where

§= (uvv)T'

2. Preliminaries

In this section, we recall some properties about colored noise, which are

useful for proof of main results.

Lemma 2.1 ([21]). (1) For every w € Q, the mapping t — Gs (Orw) is continu-

ous, and for every 0 < § <1,

i 195 010

t—+oo t

=0.
(2) For every w € Q,

. 1
lim -
t—+oco t

t
/ Gs (Osw)ds =0 uniformly for 0 < § < 1.
0

Lemma 2.2 ([22]). Let 7 € R, w € Q and T > 0. Then there exist o =
do(T,w, T) > 0 and M = M(1,w,T) > 0 such that for all 0 < § < §y and
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telrnT+1T),

t
/ Gs (Bsw)ds| < M
0

3. The asymptotic behavior of the coupled system

The system (1.1) can be rewritten as
o¢°
ot

with initial datum (u,,v,)?, where

— (1+iNAE = P(€°) + eBE + £°G5(0w) (3.1)

¢ = u® R = —p1u + f(u®) . B- -1 1
ve —pav® + f(v°) 1 -1
Similar to [19], one can know that system (3.1) exists a unique solution
€ € C ([r,00); L*(R) x L*(R)) N L}, ([, 00); H'(R) x H'(R)), and
& e LY, ([r,0); L*(R) x L*(R)), and system (3.1) exists a unique random

attractor. In what follows, we will first show random attractor is singleton set.

Theorem 3.1. For any p1, p2 > 0, random attractor sets of coupled system
(3.1) are singleton sets for any given € > 0.
Proof. Let & = (u§,v5)T and n° = (u§,v5)T be the solutions of (3.1) with
initial data & = (u1.r,v1..)7 and 1, = (uz.,,v2.,)7, respectively. Then we have
d 1> g £ (>
& =0 P2V =)l
=2Re(F(£5) — F(nf),& — %) + 2Re(e B(€° — 1), &5 — ) (3:2)
+2Gs (0rw) € — "
For the first term on the right-hand side of (3.2), it follows from the Holder
inequality and the Young inequality that
Re(F(¢7) = F(n®),& —n")

pl /J’2
<- mwrwﬂ“wﬁm—wW+mﬂ 1}H|ug

1 _Ué”?{l(]l{)

P1 ,02

+m{ s ot = @Mm)

1
tor (1+2f\/1+u) (mln{pl 2oy
8 8
(||u1||L4 o+ 50y ) N = w12 + (105 1 Fagmy + 0511 oy ) o — 052

4



) . P11 P2

S _ mln{p17p2}‘§g _ ,,76‘2 + min ?’ ?7 1}|€€ - 778|2H1(]R) + 0(6‘57775”55 - 776|2’
8 8

where C'(§5,7°) = a [|§E|z4(R) + |776|24(R)} ’

4 1
o= (1+2v2y1+2)" (min{4,%,1}) 75
Then together with (3.2), we have
d € €12
i
< —min{py, p2}|€° — 7°* +20(6%,n°)[€° — 7| + 2G5 (0rw0) [€° — 1" .

From the Gronwall inequality, we can obtain

|£€ - 775|2 <e” mi“{PhPQ}(t_T)""ZI: G5 (0sw)ds+2 {: C(gimi)ds‘g'r - 77'r|2' (33)

Since
Ll + 29(E)P
dt
=2Re(F(£°), €%) + 2Re(e BE", €7) + 2G5 (Ow) €7
< = 2p1]|uil* = 20210511 = 2lluillza gy — 200117 ) + 205 (Brw) [€°]7
< — 2min{py, pa }[¢°* — 2\\“?“%41(]1@) - 2||”f||i4(R) +2Gs (,w) |€°]%,

we have p
alﬁs\z +2V()1? + 2l w5 1 La gy + 20105 1 Tawy

< —2min{py, p2 }|€°|* + 2G5 (B,w) |€°)2.

By the Gronwall inequality, one can obtain

|§5|2 < le:[—min{pl,pg}—&-gg(esw)]ds|§T|2_ (35)
n From (3.4) and (3.5), it follows that
t t
[ Mileayds + [ oflageds
1 t
<3l + [ G (0.0 [€ds (36)
t
<3l [ 15 (Buw) 62 itk 1610l g

By Lemma 2.1, there exists T(w) such that for all t > T(w), f: Gs (Bsw)ds <
%(t —7) and |Gs (Bww) | < t. In addition, by Lemma 2.2, there exists
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M (w) such that fTT(w) |Gs (0:w) |dt < M (w). Then together with (3.6), we obtain

t t
/ S 1 ey s + / 05144 gy ds

<M W)EP + |6, 2 /

t (37)
T(w)

se— 5 min{pr.p2}(s=7) g,

where M'(w) = ff(w) G5 (Osw) |2 7 [= min{prp2}4Gs (0rw)ldr g 4 i
Similarly, we have
t t
[ Wesliageyds + [ o lgageyds
¢

<M (W) |* + |7IT|2/ se~ 3 min{p1p2b(s=7) g

T(w)

(3.8)

From , (3.8) and the Holder inequality, it follows that

(3.7)
[ & opas

t z t 2
Sa l(/ |§E|%4(R)d8) + </ 776|%4(R)d8> ‘| (t — 7‘)%

+oo

[*S1%

<a (M’(wnsfﬁ e /

se” 5 min{pl’”}(sﬂds) (3.9)
T(w)

o

+o0o . . h
+ (M'<w>|nf|2 + e ? / seém‘“{f?hﬂz}<“>ds> (t—m)s

T(w)

::C(w7£7'7777')(t - T)%v

which together with (3.3) implies that

: 1
|£5 . ,]78|2 <e min{p1,p2}(t—7)+2 [! G5 (0sw)ds+C(w,&r,nr ) (t—7) 3 |2.

&7 — 17

Noticing that p1, ps > 0, thus we can obtain

lim [€5(t) — n° ()" =0,

t——+oo
which implies that random attractor sets of coupled system (3.1) are singleton

sets. O

Remark 3.1. Since (0,0) is the solution of (3.1), it follows by Theorem 3.1

that random attractor is actually singleton set {(0,0)}.



Theorem 3.2. The solution (u®,v®) of coupled system (1.1) satisfies

lim lu®(t) —v*()|]* = 0

g—+00

uniformly on any bounded time-interval [Ty, To] of R.

Proof. Let & = (uf,v%)T be the solution of (1.1) with initial datum &, =

(ur,v;)T, then we have
@t )2 4+ 2|V (u — )2
dt
< —2p1[|u® — 0% + 2|p2 — prlllu® — % ||* 4 2[p2 — pu[|v°1?
— 2Re(1 4 ip) {Jus|Pus — [v°)%0%, uf — uf) — de|luf — v¥||* + 2Gs (w) ||Juf — v°|?
< =21 +2|pa — 1| — e+ 205 ()] " — 7|2+ ming 2 1Hut — o s
+ C(u®,v%)[u® — v°|1 + 2|p2 — p[[0°]I?,
s s
where C'(u®,v%) = b <||u5||24(R) + ||UE||E4(R)

b= % (1 + 2@@)% (min{%,1}) "

Therefore, we have

9

= N———”

w0

d
—llus = v <[=pr + 22 — p1| = 42 + C(uf,v%) + 2G5 (O,)] [[u” — v*]|?
+2|p2 — pa[lo7]|%.
By the Gronwall inequality, one can obtain
[u (t) = o* (1)
<l lmprt2lpa—prl—ae+Cu w9 +2G5 (B:)lds |y o) 1|2 (3.10)
t

2oy = pr| [ [oF Pl ol Ol 26 0.0 g,

Similar to (3.5) and (3.9) in the proof of Theorem 3.1, we have

||’l)€(t)H2 < |€E(t)|2 < e2f,f[fmin{pl,p2}+ga(05w)]ds|£7_‘2 < C(Tl,Tg,w,fT), (311)

t
/ C(uf,v°)ds <2bM"3 (w)|&,]3 (Th — 7)3 (3.12)
for t on any bounded time-interval [T7, T»], where
T 2 [*[— mi 5 (0,w)]d 1
M) = [ 1G5 O 21t sn 0l o
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By

(3.10)-(3.12) and Lemma 2.2, we obtain

[[us (t) — v° ()|
<M ()€ |3 (Ta=7)F el 142l pa—pr | —4e+205(0,)]ds |1y _ gy |12

4
3

t "2 1
+2‘,02 7p1|‘/ C(TlaTQawagT)GQbM 3(“])“57" (TZ*T)?’
el = p+2lpa—p1 | 46425 (0,w)]dr .

SM(TD T27 w, 57)6748(71277—) .

Then we conclude that

u(t) —vs(@)||* =0, &— +oo

uniformly for ¢ on any bounded time-interval [T}, T5]. O
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