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Abstract. In this paper, we study the generalized quasilinear Schrodinger equation

—div(g*(u)Vu) + g(u)g' (w)|Vul> + V(2)u = (I * [ulP)[ulP"?u, =R,

where N > 3,0 < a < N, 2(N]\;ra) <p< % V : RN — R is a potential function and

I, is a Riesz potential. Under appropriate assumptions on g and V(z), we establish the
existence of positive solutions and ground state solutions.
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1 Introduction

In this work, we consider the generalized quasilinear Schrodinger equation
—div(g*(w) V) + g(w)g ()| Vul® + V(e)u = (Lo * [ul)[ul?u, ©eRY, (1.1)

where N > 3,0 < a < N, W <p< % V : RY — R satisfies some suitable conditions

and I, is the Riesz potential defined by

xr) = = N
¢ D(2)IT2 20|g[N-a [N

and IT' is the Gamma function.

It is related with the existence of solitary wave solutions for the quasilinear Schrédinger
equation:

10w = —Aw + V(2)w — k(z,w) — I'(|JwH)wAl(jw]?), (1.2)

where w : R x RN — C, V : RN — R is a given potential, [ : R - R and k : RY xR — R
are suitable functions. For various types of [, the quasilinear Schrodinger equation (1.2) can
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be transformed into models reflecting different physical phenomena. For example, in [22], let
[(s) =1, we can get the classical stationary semilinear Schrédinger equation. If I(s) = s, we can
see in [14, 17, 20, 26] that the equation was acquired by fluid mechanics, plasma physics, and
dissipative quantum mechanics. For more background on physics, we can refer to [2, 18, 21] and
references therein.

Set z(t,z) = exp(—iEt)u(zr), where F € R and u is a real function. Equation (1.2) can be
reduced to the corresponding equation of elliptic type (see [3]):

—Au+V(z)u — Al(u?)l' (u?)u = h(z,u), = € RV, (1.3)

If we take g%(u) = 1—1—%, then equation (1.3) can be written as quasilinear elliptic equations
(see [29]):

—div(g?(v)Vu) 4+ g(u)g ()| Vul> + V(z)u = h(z,u), zcRY. (1.4)

As we all know, there are many papers focusing on problem (1.4) and studying the existence of
standing wave solutions for equation (1.4) (see [4, 29, 30, 31]). More specifically, in [8, 9], Deng
et al. studied the existence of nodal solutions with variational argument. Deng et al. [10] found
the critical exponents for problem (1.4) and then considered the existence of positive solutions
to equation (1.4) with critical exponents. In [11], Furtado studied the existence of solution
in the Orlicz-Sobolev space for problem (1.4) by using the change of variables and variational
argument. What’s more, equation (1.4) was extended to include positive parameter and critical
exponents, then Chen et al. [7] proved the existence and asymptotic behavior of standing wave
solutions for the equation. In the previous articles, most of the authors usually think about a
huge class of nonlinearities g.

In particular, if we set g(u) = v/1 + 2u?, equation (1.4) can be transformed into the following
equations:
—Au+V(z)u — A@w?)u = h(z,u), z € RY. (1.5)

The existence of a positive ground state solution for problem (1.5) was first proved by Poppen-
berg et al in [27]. Then, Liu and Wang [22] studied the existence of a solution of the equation
with unknown Lagrange multiplies A in front of the nonlinear term by using a constrained mini-
mization argument. Furthermore, by a change of variables, equation (1.5) becomes a semilinear
problem and the existence of it’s positive solution in Orlicz space was obtained by using the
Mountain-Pass theorem in [23].

In the previous papers, the authors related the existence of weak solutions of the problem to
the the critical point of the energy functional by limiting some growth restrictions on h, then
we can obtain solutions for a large class of nonlinearities h by theoretical mechanism of critical
points. For equation (1.5), if we set h(z,u) = (I, * |u|P)|u[P~2u, then it becomes

—Au+V(z)u — A(w?)u = (I * [ulP)|uP"%u, z e RV, (1.6)

To our knowledge, the equation (1.6) mentioned above is usually called quasilinear Schrédinger
equation with Choquard type. According to nonlinear Choquard equation, it first appeared in
S. I. Pekar [28)’s work. Later, Moroz and Van Schaftingen [24] studied the existence, qualitative
properties and decay asymptotics of the ground state solutions for nonlinear Choquard equation.
Recently, Chen et al. [5] proved the existence of positive solutions and Chen et al. [6] studied
the existence of ground state solutions for equation (1.6) respectively. In [5] and [6], there are
difficulties lie in two aspects. One is that the nonlinearity of equation is nonlocal and the other



is that the energy functional is not well defined. Both of them adopted Liu and Wang’s [23]
approach, considering the change of variables f : R — R given by

!/ _ 1 _ — i
P10 = sy —10) = (-0,

By the change of u = f(v) of variable, equation (1.6) is transformed into a semilinear problem

—Av+ V(@) f(0)f'(v) = (Lo % |[F@)P) f@)P2f (0) ' (v), = € RY. (1.7)
With this method, the two difficulties mentioned above can be solved.

There’s also a lot of work focusing on semilinear problems, and we can refer to [24, 25, 32]
and references therein. In [32], Tang and Chen considered the following singularly perturbed
problem:

—2Au+V(2)u = e Iy * F(u)) f(u), z € RY. (1.8)

The authors proved the existence of a ground state solution of equation (1.8) when € was taken
at different values and the nonlinearity f satisfied some suitable conditions, as well as the
potential V. In particular, when € = 1, the result is the improvement and expansion of Moroz
and Van Schaftigen [25]’s conclusions. Moroz and Van Schaftigen [25] was the earliest one who
proved the existence of a least energy to semilinear problems. On the basis of Jeanjean [10]’s
method, Moroz and Van Schaftigen [25] constructed a (PS)-sequence that meets asymptotically
the Pohozaev identity. With the related information to the Pohozaev identity, they can ensure
the boundedness of (PS)-sequence. And then a concentration compactness argument is used
to solve the problem caused by lack of Sobolev embeddings. However, the approach proposed
in [25] is only suitable for autonomous equations and useless for non-autonomous equations.
Hence, on this basis, Tang and Chen [32] used Pohozaev manifold to study the existence of

ground state solutions of non-autonomous equations.

As far as we know, there are few articles paying attention to Choquard type nonlinearity for
generalized quasilinear Schrodinger equations. Hence, motivated by the previously mentioned
papers ([5, 6, 32]), we shall study the existence of positive solutions and ground state solutions
for equation (1.1) by using a change of variables and variational argument. Next, we give the
following conditions on V:

(V1) V(z) € C(RV,R) and 0 < Vp := xieIgN V(z), for all x € RY;

)
(V2) V(z) < Vi := ‘ 1|im V(z) < oo, for all z € RY;
Tr|—0o0

(V3) V(z) = V(|m[) for all z € RY;

(Vy) V(z) € C1 (RN, R), there exist a constant 6 € (0,1) and L > 0 such that
W2 if 0<|u| <L

(VW) a)< | E 0 D O<ll<L

adV(z), if |z| > L;

(V5) V(=) is 1-periodic in each variable of x1,--- ,zn.

In addition, we assume that the nonlinear term g € C(R, (0, +00)) is even, g(0) = 1, non-
decreasing in [0, +00) and satisfies

Joo = hr&g(tt) S (Oa )a (1 9)
and 1 (8)
_ g
e <! 10



The equation (1.1) is the Euler-Lagrange equation of the energy functional
1 1
I = [ (F@IVaP + Vi) = o [ T PP,
RN 2p RN

where u™ = max{u,0}. To finish the proof of Theorem 1.1 and 1.2, we use the change of
variables v = G(u), where G(t) := fgg(T)dT, then equation (1.1) will become

v GO G PG )y
Av+V( )g(G—l(v)) = Iy * |G (v)|P) S (G , € RY, (1.11)
and J(u) can be reduced to
10) =3 [ (VP + V@G 0P - 3 [ (r 6 emIET @ ()
It is easy to see that if v € H'(RY) is a critical point of I,
v o [ o Nl O NP MO ol (e L
W)= [ Vet [ Ve Zmtse- [ tare o) St

for all ¢ € C5°(RY), then v is a weak solution of (1.11), that is, u = G~1(v) is a weak solution
of (1.1).

Remark 1.1. Let
V14 82, if 0<s<1,
g(s) = g(s—i—l), if s>1,

g(—s), if s<0.
or

g(s) = V1+ks? k>0.

By a simple computation, it is obvious that the functions mentioned above satisfy the above
conditions for g.

The main result of this paper is stated as follows:

Theorem 1.1. Suppose that N > 3, W <p< % and the potential function V

satisfies (V1), (Vo) and (V). Then equation (1.1) possesses a positive solution u € H'(RN).
Theorem 1.2. Assume that N > 3, W <p< % and the potential function V satisfies

(V1) — (V4). Then equation (1.1) possesses a ground state solution.

Notations In this paper, we need the following notations:

o let DM2(RY) := {u € L¥ (RY) : Vu € L*(RM)} with the norm |[u]|%,2 = [pv [Vul?%;

o H'(RY) := {u € L*(RY) : Vu € L2(RY)} with the norm [jul|? := ||[ul|%,, = [pn (|Vul* + u?);
e the embedding H'(RV) — L*(RY) is continuous for s € [2,2*] and H}(RY) — L5(RY) is
compact for s € (2,2*);

o H'(RN) < L+s (RV) if and only if X¥e < ¢ < Nt

e LP(RY) denotes that the usual Lebesgue space with norm |ull, = ([~ \u]p)%, where 1 <p <
03

o [zn & denotes [y da;

e we use C or C; to denote various positive constants in context.

The outline of the paper is as follows: in Section 2, we prove Theorem 1.1 by using the
mountain pass theorem. In Section 3, we give the proof of Theorem 1.2.



2 Proof of Theorem 1.1

As quoted in the introduction, equation (1.1) is formally the Euler-Lagrange equation asso-
ciated with the functional

1 1
U = / (u)|Vul? + / V(x)u® - / (I * [utP)|ut|?. (2.1)
2 RN 2p RN
Since it is not well defined in H'(RY), we shall follow [29] and use the change of variables
v = G(u), where the function G is defined as G(t) := fo 7)dT. Next, we list some of the

important properties of function G~1.

Lemma 2.1.[10] The function G~ € C?(R,R) satisfies the following properties:
g1) G~ is increasing;
-1 _ 1 .
0<(G )/(t)—mgl,fOTa”teR,
93) |GTL()| < [t], for all t € R;
—1 t .

)
)
) li
g5) i %Zigﬁ;
)
)

< ¥ <9 and1 < 0L <9 for all t £ 0;

1
W@ 4 non-decreasing in (0, +00) and |G~ ()| < (2/g00)'/?\/It], for all t € R;

. GTH ), [t <15
(98) |G (t)!z{ = \F |t|>1_

(g9) ﬁ is increasing and | | < o Jor allt € R;
the function [G_l(t)]2 is convez. In particular, [G~Y(st)]? < s[G7L(t)]?, for all t € R,
1

[G~1(st))? < s2[G7L(¢)]?, for allt €R, s > 1;
[GTHs =) <4 ([GTH )P+ [GTHBP).
Lemma 2.2. [21] (Hardy-Littlewood-Sobolev inequality) Let r,s > 1 and 0 < a < N be such
that 11
a

-4 —-——==1.
r+5 N

Where f € L"(RN) and h € L¥(RN), there exists a constant C, independent of f, h, such that

f@)hly)
/RN /RN |z — y|N-o < Clflrlhls-

Next, we prove that the functional I exhibits the mountain pass geometry.

Lemma 2.3. There exist Cy > 0, p1 > 0 such that
/RN (IVol? + V(@)[G~ 1 (0)]?) = Culloll?, o]l < p1. (2.2)

Proof. Similar to [12], by contradiction, assume that (2.2) is not true, then for all n, there
exists a sequence {uy} # 0 such that [ju,|| < 1, we have

[ (90 4 Vi @) < 2P

which can deduce that

/ Vunl® [y (6w L
R n

N lunl? S [



Un
llunll”

let v, = we can get

/RN(ywny? + V(x)v?) +/

RN

V(x) <[G_1(Un)]2 B 1) W2 <

n

Since as n — oo,
Up — 0 a.e. z € RV,

U, — 0 in L2(RY),

meas{z € RN : |u,(x)| > e} — 0 for all ¢ > 0.

</|un>s 1) ) (2.3)

2
v

Hence by the Holder inequality,

/un|>€ tn < (/un|>€(v,%)5>

= (meas{z € RY : |u,(z)| > e})'~

SN

[onll7 =0,

where N > 3, r = 2*. Now it follows from (g4) that the second integral above goes to 0. So
o]l = 1 and v, — 0 in H'(RY), a contradiction. This completes the proof of Lemma 2.3. O

Lemma 2.4. There exist pg,a > 0 such that
I(v) > a, forallve {ve H(RY):|jv] =po}.

Proof. Notice that NN—Jfa € (2,2%). By (g7), (2.2), Hardy-Littlewood-Sobolev inequality and

the Sobolev embedding theorem, we get
Crp2 1 1/, + —1(,+\|P
1) = Gl = 55 [ (s 167 001) |67 0]
C
> ol = o ([ tanhl? ) it
RN
C’ N+ao
N N
> Gl - ([ i)
RN
Ch

> L oll? - Gyl

C _
> ol (G - Callolp ).

Choosing pg small enough, we get the proof. O

Lemma 2.5. There exists vg € H'(RY) such that ||vg|| > po and I(vg) < 0.
—1
Proof. By (gs), & t(t) is decreasing for ¢ > 0. Consider ¢ € C$°(RY) such that 0 < ¢(z) < 1,

¢(z) <1for |z| <1, ¢(x) =0 for |z| > 2. We have

G (tp(z)) > G () ¢(x),

for any 2 € RV, ¢ > 0. Using (g3), we get

2
169) =5 [ 196k +5 [ V@6 0o - [ (ariGTearic )
t? t2 (G ()] PY| 4P
<G [ ek 5 [ Ve S50 [ g ol
2 -1 4
<5 (o - e E 50 o).

6



By p > 2 and (gg), we deduce that I(to¢) < 0 and tg||¢|| > po for tg large enough. Set vy = tyo,
hence vg is required. O

By Theorem 6.3 in [34], combining Lemma 2.4 and Lemma 2.5, there exists a sequence
{v,} € HY(RY) satisfies that I(v,) — ¢ and ||[I’(va)||(J]vn]l + 1) — 0, which is called Cerami

sequence.

Lemma 2.6. All Cerami sequences for I at the level ¢ > 0 are bounded in H'(RY).
Proof. Let {v,} C H'(RY) be a Cerami sequence at the level c. Set wy, := G~ (v,)g(G 1 (vy,)).

It follows from (g2) and (ge) that
[P <a [ ol
RN RN

/RN Voo = /RN [1 N G—lg;(ggll(g;;)(vn))r Voul? < 4/RN Vo2,

and

(I (vn), wn)| < C||I' ()| (Jlonll + 1) = 0, as n — oo.
It follows that {w,} € H'(RY) is bounded. So

e 0u(1) 21(0,) = - (1 (02), )
=g fu Vol g [ VNG P =g [ (e 6 DPIG P

1 ]
& |

2
2 1 G (012
Vol = - [ V@6 w)

2 Jpy 9(G~*(vn))
1

+om | Lax|GTHeD)DG )P
2p RN

>(5-2) (Lot [ vereer).

Since p > 2, the sequence {[pn [Vun|? + [en V(2)[G™(vn)]?} is bounded. By the Sobolev
embedding theorem and (gg), we have

/wz / o2 + / e
RN {lv|<1} {|v|>1}
0 1-6
<o / |G—1<vn>|2+(/ |vn|> (/ |vn|2*)
{lv|<1} {lv|>1} {lv|>1}
0

=G RN V(z)[G(va))* + C3 (/RN V(J:)[G_l(vn)]z)e </RN Ian|2> (1015
<C,

where § = 2=2. Hence {v,} is bounded in HY(RY). O

In the following, let’s assume that {v,} ¢ H'(RY) is a Cerami sequence for I at the level of
¢ > 0. By the preceding lemma, {v,} is bounded. Hence, going if necessary to a subsequence,



there exists v € H'(RY) such that v, = v € H'(RY), v, (z) — v(z) a.e. z € RY and v, — v in
LL (RYN) for all ¢ € (2,2*). Then we have the following Lemmas 2.7 and 2.8.

loc

Lemma 2.7. Up to a subsequence, there exist R, > 0 and {x,} C ZN such that

liminf/ lu |2 > 8.
n—oo BR($7L)

Proof. If Lemma 2.7 is false, then it follows from the Lemma 1.21 in [33] that, up to a
subsequence,
v, — 0 in L*(RY), s € (2,2%).

Hence

L tarletehry e e <o ([ i) o
RN RN
where 2 — & = 1. Since G~ (v,)g(G~(vy)) is bounded in H'(RY) and [|I’(v,)[| — 0,

/ 1 1 . G (vn)g (G~ H(vn)) o |2 G (0 )2
(1.6 a6 ) = [ (14 F B Y vy [ viole o)

- [ Uar 6 @G WP 0

then we obtain
/ Vo, P +/ V()G (0] = 0.
RN RN
It follows that

1

cton(1) = I(vy,) = 3 </RN Vo2 + V($)[G_1(vn)}2> 1

_/ (La*|G™H o) PG (0P — 0,
2p RN

which is a contradiction. The proof is completed. O

Lemma 2.8. (I'(v),¢) =0 for any ¢ € C§°(RY).
Proof. For any ¢ € C§°(RY), the support of ¢ is contained in Bg,(0) for some Ry > 0. Hence

(I (vn) = I'(v), 9)|

V(Un - U)VSD‘

IN

RN

ARG <g<%—11(<v§3>> - g(%_lffj)l)) 9”’

L [(Ia f |G )P A (1, \GW)"’)W} 90'

9(G~1(v))
=10 + 1 + Is.

For I := | [zn V(vn — v) V|, since v, — v in HY(RY), I — 0 as n — oc.
— G~ (vn) G~ (v)
For IQ = ‘fRN V(x) (g(G’*l(Uvn)) - g(G*l(v))> 2

? G~ (vn)
= (‘gwlwn))

< 2(jonl* + [0]).

, by (g2) and (g3), we have

G (vn) G (v) ?

'Q(Gl(vn)) 9(G~1(v))

By v, — v in L?

2 (RYM) and the Lebesgue dominated convergence theorem, we obtain

2

G lw) G [P,

9(G(va))  9(G1(v))

lim
n—o0 BRO (0)




Using (V2) and the Holder inequality, we have

G~ (vn) G~(v)

fh < Ve JG ) 9@ W) ‘ i

Br, (0)

]
Br,(0)

as n — oo. Moreover,

) G (G )P
I?’"/ [I GO Gy~ L 16T OO <v+>>M

BT lE s i [ Co L
< / (I +1G7 () P) 3 1@;)) eIl

p—1 —1(pHy)p—1

G~ (vn) G '(v)

9(GHva))  9(GH(v))

.—Jl + Jo.

For r = N+a, by (97), (99),

’\G vﬂ\p S (C Cao L G
g(G_l(U+))
‘rG v+ i 2G o) |2 ’rG ()26 1wt |2
un)) (G71(v))
<Cy (‘ )P~ 2|p72 + |[G7 (UJF)}I)*Z‘E)
<Cy (wz +10l%).
Since (NH‘) <p< (]]\,Vj;‘), B e(2,2%). By v, > vin Llpi(RN) and the Lebesgue dominated

convergence theorem, we obtaln

pr
p—2

=0.

D)
(G 9(GTh)

lim
n—oo BRO (O)

By the boundedness of {v,}, the Holder inequality and Hardy-Littlewood-Sobolev inequality,
take n — oo,

G D) |G )P

=] a6 @) o

9(G7wh)  9(GTHwT) |
<a ([ %) (LSt - i vr)
= </BRO(0> f(z(@g)l - f(_c;(lizf; r le’“)i
(] |55 505 T) ()
([ [ - S ) o



where r = ]\%FV For r = ]\?fa, by (N+O‘) <p< (]]\,Vif;), (g9) and the Holder inequality, we have

G_ U+ p—1 " L?" T
/RN g(GE( ) @ C/ P2 Tl

pH)|P—1

It follows from & € (2,2*) that %(p c L"(RY).

In order to prove Jo — 0, we use an argument which is partly an adaptation of the proof of
Proposition 2.2 in [25]. Set a linear functional

N e L
T = [ e v iy o

Then, by Hardy-Littlewood-Sobolev inequality, 7 : L"(RY) — R, where r = ]\?—i\[a, is a continu-
ous linear functional, that is,
G ()Pt

i< (f,, '“'r>i (L Sy > |

As {v,} is bounded in H'(RY) and |G (v;1)[P" < Clup| 7, the sequence (|G~ (v;})[P) is bounded
in L"(RY). We may assume, going if necessary to a subsequence, |G~!(v;)|P — |G~ (vT)[P in
L"(RY). Then T (|G~ (v)[P) = T (|G~ (vF)[P) as n — oo, that is,

G~ )P
9(G~H(vih))

G )Pt
9(G=H(vH))

So Is = J; +J2 — 0 as n — co. In a summary, up to a subsequence, we prove that (I'(v,) —
I'(v),p) — 0 as n — oo. Since (I'(vy), p) — 0, we have

(I'(v),) = 0.

R R e I T

gp‘—>0.

The proof is completed. O

Proof of Theorem 1.1. As a consequence of Lemma 2.4 and 2.5, for the constant

co = inf sup [ >0,
f s (v(t))

where

L= {yeC(0,1], H(RY)) : 7(0) = 0,1(v(1)) < 0}.

Hence, by Theorem 6.3 in [34], there exists a Cerami sequence {v,} in H'(R"™) at the level cg,
that is,
I(vp) = co and (1 + |lop )| (vn)|| = 0, as n — oco.

By Lemma 2.5, up to a sequence {v,} is bounded. Hence, up to a subsequence, one has
v, = v € HYRY), vy(z) = v(z) ae. z € RY and v,, — v in L] (RY) for all ¢ € (2,2%).

10



By Lemma 2.7, up to a subsequence, there exist R, 5 > 0 and {y,} C ZN such that

liminf/ lv|? > B.
n—oo BR(yn)

Define wy,(z) = vp(x + yyn) so that

liminf/ |lwn|? > B > 0. (2.4)
n—oo BR(O)
Since V() is periodic in z, we have |wy,| = ||v,|| and

I(wpn) = co and (1 + ||wy ||| (wn)|| — 0, as n — occ. (2.5)

Up to a subsequence, one has w, — w € H (RY), w,(z) = w(z) a.e. z € RY and w, — w in
LL (RN) for all ¢ € (2,2%). Hence, it follows from (2.4) w is nontrivial. Similar to the proof of

loc

Lemma 2.8 and (2.5), we can obtain I’(w) = 0. This shows that w € H'(RY) is a nontrivial,
nonnegative, weak solution of (1.11). According to the strong maximum principle [13], w > 0 in
RYN. This completes the proof of Theorem 1.1. O

3 Proof of Theorem 1.2

In this section, we would like to complete the proof of Theorem 1.2.

Theorem 3.1.[15] Let (X, || - ||) be a Banach space and I C Ry is an interval. Consider the
following family of C*-functionals on X:

In(v) = A(v) — AB(v), A €1

with B is nonnegative and either A(v) — 400 or B(v) — +00 as ||v|| = co. Suppose that there
are two points vi,ve tn X such that

cx = inf max I\(y(¢)) > max{Ix(v1), Ix(v2)} for all X €1,
~v€T') te[0,1]

where T'y = {~v € C([0,1], X) : v(0) = v1,v(1) = vo}. Then for almost every \ € 1, there is a
sequence {vp} C X such that

(1) {vn} is bounded,

(ZZ) I)\(Un) — C),

(iii) I\ (vn) — 0 in the dual X~ of X.

Moreover, the map X\ — ¢y is non-increasing and continuous from the left.

Let I = [3,1]. We define the following energy functional

nw =3 [ (VePrv@r [ (Gree - 67 0P + o 6 0PIGT WP ).
(3.1)
where A € I. Then, let A(v) = 3 [on (|[Vo[* + V(2)v?) and

B0) = [ (3V@0? -6 0R) + 5 (16 OPIE 0P )

Let ||v|| = oo, then A(v) — +o0. Moreover, B(v) > 0.

11



Similar to [24, 33], we can get the following Pohozave type identity.

Lemma 3.2. Ifv € HYRY) be a critical point of (3.1), then v satisfies

N -2 1 N

) =2 [P [ (V) et R+ S [ Vet P
r ek e o
el U S OO OIE

Lemma 3.3. Assume that (V1)-(V3) are satisfied. Then there are:
(1) there exists v € HY(RN)\{0} such that Ix(v) <0 for all X € I;

(17) cx = inf max I\(y(t)) > max{I,(0), I\(v)} for all X\ € I, where
vl tE[O,l]

Tx = {y € C((0,1], H} (RY)) : 7(0) = 0,7(1) = v}.
Proof. (i) Let v € H}(RV)\{0} be fixed. For any A € [ = [$,1], one has

I/\(U) < I%(U)

1

=3 [P+ [ V@G0 [ G 6T PG 0P

As the proof of Lemma 2.5, we have

ﬁ 2 )2 1 e P)|G—L p
N9 <5 [ (9P +V@et) - 1 [ (+ 16 tomIe )

2 Jan
% [/RN(‘V@? —|—V(:U)¢2) _ G~ (272] P . [G_t2(t)] /RN(IO‘ % ’¢‘p)‘¢|p] )

It follows that I)(t¢) — —oo as t — +oo. Thus there exists a tg > 0 such that I)(tp¢) < 0.
Then taking vy = to¢, we have I(vy) < 0 for all A € L.

IN

(77) By Lemma 2.3 and 2.4, we can get

1 v? x _11)2—i |G (0)|P)|G7 (v)|P
0w =5 [ (9P +V@ie WP -5 [ (a6 0PI @)

> C(|Jo]* — [[o]|P), for all [ju]| < p1.
Since p > 2, we deduce that I, has a strict local minimum at 0 and hence ¢y > 0. O

By Theorem 3.1, it is easy to know that for a.e. A € [%, 1], there exists a bounded sequence
{vn} € HY(RY) such that Iy(v,) — ¢y and I} (v,) — 0, which is called (PS)-sequence.

Lemma 3.4. If {v,} C H}(RY) is the sequence obtained above, then for almost every \ € 1,
there exists vy € HHRN)\{0} such that I\(vy\) = cx and I}(v)) = 0.
Proof. Since {v,} € H'(RY) is bounded, up to a subsequence, there exists vy € H}(RY) such
that v, — vy in HY(RY), v, — vy in L¥(RY) for all s € (2,2*) and v, — vy a.e. in RY. By the
Lebesgue dominated convergence theorem, it is easy to check that I{(vy) = 0. Next, let’s first
prove that there exists C' > 0 such that

G~ (vn) G~ (v)

[ 7t = v ((as - ey =) 2 Ol 63)

Similar to [12, 35], we assume v,, # vy (otherwise the conclusion is trivial). Set

S G l(om) G ()
b= T d by, = JCT @) T GG @)
[N Un — Uy
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We argue by a contradiction and suppose v,, vy may be found such that

/ Veonl? + V(@) hn ()2 — 0.
RN

Since
Y LR (el R A Al
dt \ g(G~(t)) }(G1(1) ’
g(G 111(8)) is strictly increasing and for each C' > 0, there exists § > 0 such that
d [ G7L(t)
— | ——=2=] >4 4
i (i) = 4

as [t| < C. It’s easy to see that hy(z) is positive if wy,(x) # 0. Hence

/ |Vw,|*> =0 and / V(x)hy(x)w? — 0.
RN RN

Because |lwnl| = [en([Vwn? + V(z)w?) = 1, [en V(z)w2 — 1. For a given Cp > 0, let
A, = {z € RY : |u,(x)| > Cy or |un(x)] > C1}, B, = RV\A,. Then for each ¢ > 0, C}
may be chosen so that the measure |A,| < . It follows from (3.4) and the Mean Value Theorem

that

5 / V(z)w? < / V(@) hn(2)w2 — 0. (3.5)
By, B
Choosing € small enough and arguing as in (2.3) (with the same r), we have
2 r—2 1
V(z)w; < Coe™r < —. (3.6)
A 2

Combining (3.5) and (3.6), we obtain

2 — IE'CUQ .’L'CL)Q
RNV(w)wn—/nw W+ [ Vit <

a contradiction. The proof of (3.3) is completed.

Moreover, using Hardy-Littlewood-Sobolev inequality, (g5), (g7) and the Holder inequality,
we deduce that
G~ (0n)[P2G (vn)
9(G~1(vn))

sc/ (Lo # a3 tml 5 om — v
RN

¢ </RN fon? > </R [onl 2 o =] ) (3.7)

p

p=2 2\ 7
C <</ |vn|p22’"'pfz> ’ </ |vp, — w!“@) p)
RN RN

2

pr 2 a
<C ") o0, 2o =1,
= </RN|'U7L 'U)\| 2> - N

In the same way, we can prove that

(vn — vr)

[ a6 )

IN

IN

o1y |G PG () o
[ o167 ) e E e )

13
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Thus it follows from(3.3), (3.7), (3.8) that

0 4=(I\(vn) = I3(v2), v — va)

N /RN ['v(vn —nl V@ (g(cgll((?:)) - g(Cév’_ll((U;A)))) (b - UA)]
-2
(

G wn) |G~ (vn) P
9(G=(vn))

- / (I # G (on)|?)
RN

>Cl|vy, — v>\H2 + on(1),

Un — U)\)

which implies v,, — vy in H}(R™). Thus v, is a nontrivial critical point of Iy with Iy(vy) = cy.
O

Lemma 3.5. Assume that (Vy) hold. Then we have the following inequality:

(a+2) /]RN |VUAn|2 + /]RN [aV(x) = VV(z) - ] [G'_l(w\n)]2

(3.9)
204/ |Vv>\n]2+(1—0)a/ V()G (v )2
RN RN
Proof. By Hardy’s inequality [1]
N —2)2 u?
2 > (/ _
L= S
we deduce that v )2 [G 1( )]2
-2 (o, -1 2
<
el B S A CW)]
1
S . —| v SN 3.10
e (3.10)

< / Vo, 2
RN

@+2) [ Vot [ (V@) - VVia) -all6 o)

From (V}), (3.10), we have

~a+2) [ P [ V@) = IV G 0, )
+ / aV(2) - VV(x) - 2][G " (un, )2
j2|>L
>(a+2) /]RN \Vv)\n|2 + /RN on(x)[Gil(v)\n)}2 — Q/RN \Vv)\n|2 — /RN a@V(m)[Gil(mn)F
:a/ Vo |2+ (1 — 9)a/ V()G (or )]2
RN RN

The proof is completed. O

Proof of Theorem 1.2. At first, by Theorem 3.1, for a.e. A € T = [%,1], there is a vy €
HYRY) such that v, — vy # 0 in H}(RY), I(v,) — ¢ and I§(v,) — 0. Then by Lemma
3.4, we get I (vy) = ¢\ and I;(vy) = 0. Thus, there exists {\,} C [3,1] such that A\, — 1,
vy, € HYRN), Iy, (vy,) = ¢y, and I (vy,) = 0. Next, we prove that {vy, } is bounded in

14
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H}(RY). In fact, from Lemma 3.3, I, (vy,) < c1 and I§ (vy,) = 0, it follows that

c1 > Iy, (vn,) = Iy, <U,\n - Ni P An)>
= ! o oy, |2 aV(x)— z) - z][G7 (v 2
svray (@ [ Vol [ V(@) - @) -alio o))
(3.11)
By (3.11) and Lemma 3.5, we get
o (1-0)x _
oy > gy [ Vo g [ V@ET (3.12)

By Sobolev inequality, (V1) and (gs), it follows that

1 -
[ sy [ v@ie e,
[ox, <1 0 JRN

and

2%

. 2
[ <[ =c ( / rwﬁ) -
[va, [>1 [Ua, |>1 RN

1 =
L= [ s [ veeteoree ([ mop) . e
RN ‘U,\n|§1 ‘U,\n|>1 0 JRN RN

According to (3.12) and (3.13), we infer that there exists a C' > 0 such that [px v/z\n < C. Hence,
there is a constant C' > 0 independent of n such that |luy,[|* = [pn (IVUa,[* + 03 ) < C. Then,
we can suppose that the limit of Iy, (vy,) exists. By Theorem 3.1, we know that A — ¢y is

Therefore

continuous from the left. So we can get 0 < lim Iy, (vy,) < c1. Then by using the fact that
n—oo 2

Anp—1

I(vy,) = In, (vy,) + o

/ (Lo %G~ (0,) P)|G (0, )P,
RN

10y, -1
(I'(va,), @) = <I§\n(v>\n),gb> + (Ap — 1)/ (I * |G_1(U,\n)|p) |G~ (vy,)] &)

RN 9(G~1(vx,))
for any ¢ € C°(RY) and ||vy, || < C, it follows that lim I(vy,) = c¢; and lim I’(vy,) = 0. Up
to a subsequence, there exists a subsequence {vy, } denoted by {v,} and vy € H}(R") such that

vp — vo in H}(RY). Preceding the same method as Lemma 3.4, we can obtain the existence of
a nontrivial solution vy for I and I’(vg) = 0 and I(vg) = ¢;.

To seek ground state solutions, we need to define m := inf{I(v) : v # 0,I'(v) = 0}. By
Lemma 3.2, it follows that P(v) = Pi(v) = 0. From (3.12), we have m > 0. Let {v,} be a
sequence such that I'(v,) = 0 and I(v,) — m. Similar to the discussion in Lemma 3.4, we
can prove that there exists 7 € H}(RY) such that I'(¥) = 0 and I(v) = m, which shows that
= G~1(v) is a ground state solution of (1.1). According to the strong maximum principle [13],
@ > 0 in RY. Theorem 1.2 is proved. O
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