1

Intra-layer Synchronization in a
Duplex Networks with Noise

Jinsen Zhuang!* Yan Zhou!"  Yonghui Xia?*
1School of Mathematical Sciences, Huagiao University, Quanzhou 362000, China
2 Department of Mathematics, Zhejiang Normal University, 321004, Jinhua, Zhejiang, China.

May 27, 2021

*Email:zzjinsen@ustc.edu.cn, zzjinsen@hqu.edu.cn.

TEmail:zy4233@hqu.edu.cn.

fCorresponding author. Email: xiadoc@163.com;yhxia@zjnu.cn. ORCID:
0000-0001-8918-3509. Address: Department of Mathematics, Zhejiang Normal
University, Jinhua, 321004, China.



10

11

12

13

14

15

16

17

18

19

20

Abstract

This paper concerns the impact of environmental noise on the intra-layer
synchronization of the duplex networks. A duplex network contains two
layers. Different from the previous works [1, 2], environmental noise is in-
troduced into the dynamical system of the duplex network. We incorporate
both the inter-layer delay and the intra-layer delay into the dynamical sys-
tem. Both of the delays are time-varying. However, the paper [1] only con-
sidered the intra-layer delays and they are assumed as the constants. While
the paper [2] did not consider the inter-layer delay or intra-layer delay. When
the system does not achieve automatic intra-layer synchronization, we intro-
duce two controllers: one is the state-feedback controller, the other is the
adaptive state-feedback controller. Interestingly, we find that the intra-layer
synchronization will achieve automatically if the inter-layer coupling strength
is large enough and the intra-layer coupling strength is small enough under
the situation that the time-varying inter-layer delays are absent. Finally,
some interesting simulation results are obtained for the Chua-Chua chaotic
system with application of our theoretic results, which show the feasibility
and effectiveness of our control schemes.

Keywords: intra-layer synchronization, duplex network, adaptive con-
trol
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1 Introduction

Nowadays, the complexity of the networks grows rapidly. Usually, the scale
of the networks is unbelievable large. A single network is not very reasonable
in the real world application. It does not involve a single network isolatedly,
but depends on the interactions between subnetworks. In the past few years,
scholars paid attention to synchronization problems in multi-layer networks
and multi-agent systems. However, we focus on multiplex networks in this
paper. Multiplex networks are a special kind of multi-layer networks. The
interactions on the different layers in multiplex networks have the same set
of nodes. It is possible to be distinct for the state of the node on each layer,
and it is possible to be unique of the connectivity pattern on each layer.

Recently, Tang, Lu, Li [1] proposed a duplex network setting of Raossler
oscillators as follows.

(x'i(t) = QXN:ZUH (2;(t = G))

el et — )~ Dlote — G "
git) = Y H (- )
\ [l <yz<t—é>> D(ai(t - &),

where z;(t) = (zi1(t), 7i2(t), -+, @i ()" and i (t) = (yar (), Yi2 (), -+, yin (£))"
are the x-state and the y-state of the i-th node, respectively. The states of all
nodes in both layers exhibit the same isolated nodal dynamics, i.e., & = f(x)
and § = f(y). ¢ is the coupling strength between the two layers, and ¢,
is the coupling strength within each layer. H(-) is the intra-layer coupling
function within each layer, and T'(+) is the inter-layer coupling function be-
tween the two layers. As you see, it is possible that the intra-layer coupling
function is different from that of the inter-layer. (; is the constant coupling
delay within each layer, and (5 is the constant coupling delays between the
two layers. Moreover, both layers have the same topological structure and
the common Laplacian matrix is represented by L = ({;;)nyxn. The element
l;; represents the link between node ¢ and node j within z-layer and y-layer.
That is [;; = —1 if node 7 and node j are linked through z-layer and y-layer.
Finally, the Laplacian matrix satisfies the diffusion property, i.e., the zero
row sum condition. That is [;; = — Zjvzl Lij.

In the last few decades, to control the chaos in the complex networks, a
lot of synchronization schemes have been developed. For examples, global
synchronization (see e.g. Cao et al [3], Wang et al [4],Duan et al [5], Lu et
al. [6, 7]), ), finite-time synchronization (e.g. Liu et al [8], Liu et al [9], Li

1



1 et al [10, 11], Yang et al [12], Yang and Huang [13]), synchronization based
> on impulsive control (e.g. Li et al[14], Li et al [15], Peng et al [16], Zhao et
s al [17], Lu et al[6], Lu et al [7],Yang et al [18, 12], adaptive synchronization
+ (seee.g [6, 19, 20]), periodically (aperiodically) intermittent adaptive control
s (Guo et al [21], pinning synchronization (Liu et al. [22], Wang et al [23]),
¢ fractional synchronization (e.g. Xu et al[24, 25], Tan et al [26], Zhu [27, 28]),
7 anti-synchronization (Al-sawalha and Noorani [29]) and so on. In particu-
s lar, a lot of researchers are interested in the multiplex networks. However,
o most of them concentrated on the complete synchronization. Few papers
10 studied the intra-layer synchronization. Tang, Lu, and Li [1] showed that
u  the inter-layer coupling functions have great influence on intra-layer synchro-
12 nization regions, as well as on the intra-layer synchronizability. However, the
13 unpredicted external perturbations such as the white noise (it can be seen
11 as the derivative of a stochastic nature of Brownian motion) can cause great
15 uncertainty. Thus, many scientists argued that the stochastic differential
15 equations (SDE) is a powerful tool to model the Brownian motion on the
17 complex systems (see e.g. Wang et al [23], Tan et al [26], Raj et al [32], Yang
18 et al [12], Shi et al [33],Zhu [27],Zhu and Wang[28], Zhuang et al [34]Li et al
v [35] ).

20 So far, there is no result considering the intra-layer synchronization prob-
21 lem for duplex networks with stochastic perturbations. Therefore, we inves-
2 tigate a duplex dynamic networks with stochastic perturbations based on
23 additive couplings in this paper. The contributions of this paper are listed
2 below.

2 1. Environmental noise is introduced into the dynamical system on the
2 duplex network, which is described by the stochastic differential equa-
27 tions. While in [1, 2, 36], the authors did not consider this factor.

28 2. When the system does not achieve automatic intra-layer synchroniza-
29 tion, we introduce two controllers: one is the state-feedback controller,
30 the other is the adaptive state-feedback controller.

31 3. We incorporate both the inter-layer delay and the intra-layer de-

2 lay into the dynamical system. Both of the delays are time-varying.
33 The paper [1] only considered the intra-layer delays and the delays are
34 assumed as the constants. While the paper [2] did not consider the
35 inter-layer delay or intra-layer delay.

36 4. Interestingly, we find that the intra-layer synchronization will be achieved
37 automatically if the inter-layer coupling strength is large enough and
38 the intra-layer coupling strength is small enough under the situation
39 that the time-varying inter-layer delays are absent.
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2 Preliminary and model formulation

In this paper, we will study the synchronization criteria of the following du-
plex networked system with time-varying delays and stochastic perturbations
[1, 2, 36

;

dui(t) = [[*(2:(t) — e fj L H (x(t = Gi(1))) + v (1)

—ar[D(zi(t = Ga(1))) — (yz(t — G))]]dt + &7 (¢, 2:(1))dB(2), @)
dyi(t) = [[*(5:(t)) = e Z LigH (y;(t = G())) + i (2)
( —a[P(yit — G(1)) — (Iz(t—Cz( IJdt +67(t y(t))dB(t),

i =1,2,--+, N, where z;(t) = (2;1(t), To(t), -+ ,;n(t))T is the z-state of
the i-th node, v;(t) = (yir(t), yi2(t), - ,yin(t))T is the y-state of the i-th
node, u*(t), u?(t) are the controllers. # = f*(z) and § = f¥(y) represent
the isolated nodal z-dynamics and y-dynamics, respectively. Moreover, &7
and ¢} are noise intensity functions, ¢; is the coupling strength between the
two layers, and ¢, is the coupling strength within each layer. (;(¢) is the
coupling delay within each layer, and (5(t) is the coupling delays between
the two layers. The Laplacian matrices of the two layers are represented
by L7 = (If;)nxn and LY = (Ij;)vxn, respectively. The elements [J; and
lfj represent the link between node ¢ and node j within x-layer and y-layer
respectively. That is [, = —1 if node 7 and node j are linked within z-
layer, otherwise [; = 0. ly 's are similarly defined. Both the Laplacian
matrices satisfy the d1ffus10n property, i.e., the zero row sum condition. That
is If = — Zjv 5 1= ZJ e Slmllar to [1] or [2], we assume that both
the intra-layer coupling function H(-) and the inter-layer coupling function
I'(-) are linear, ie., H(z) = Hx and I'(z) = 'z, where H and I' are two
matrices.

System (2) achieves intra-layer synchronization, when the states of all
nodes in z-layer approach an identical state s*(t), and those of all nodes
in y-layer approach an identical state s¥(t) in the mean time. Then the
dynamics of the intra-layer synchronous states can be described as follows.

{ ds*(t) = [[*(s"(1) — ai[D(s*(t = (1)) = T(s(t = Ga(t))]] dt, (3)
ds'(t) = [f'(s"(t) — ea[D(s”(t = Ga(1))) — D(s7(t = Ga(1)))]] it

Let e¥(t) = x;(t) —s*(t) and ¥ (t) = y;(t) — s¥(t) be the z-layer and y-layer
intra-layer synchronization errors respectively. Moreover, set o7 (t,e¥(t)) =
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¥ (t, s (t)+er(t)) and of (t,e!(t)) = a7 (t, sY(t)+e!(t)). Then system (2) can
be rewritten as

(

dr;(t) = —CQZz”H z;(t — Ci(t)) + u¥(t)
—cr[T(@i(t — (1)) — F(yz(t— Gt )))Hdtw?&(t ei()dB(),
dyi(t) = —CQZZUH y;i(t = Gu(1))) +uf(¢)
( —cr[I(yilt = G(1))) — <xz(t — GM))]]dt + ol (t,ef (1) dB(t),
for i = 1,2,--- ,N. For convenience, we may also call system (3) as the

(virtual) drive system and system (4) as the (virtual) response system, re-
spectively.
Substracting (4) from (3), we obtain the dynamical system of the errors,

(

det(t) = [f —CQZZIHe (1)) 4 u®(t)

—a[l(ef (t — (1)) — ( Pt — Gt )))Hdtﬂfv(t e; (t))dB(t), (5)
del(t) = [f —cQZz ef(t — Gi(1))) +uf (t)
L —all(el - G) - ( Pt = G))]dt + ol (t,ef (1) dB(t),
where f(ef(t) = f*(zi(t)) = [*(s"(t)), [ (t) = [Y(u(t)) — [V (s%(2)), i =

1,2,---, N. The system can also be written in the following compact forms.

{ de®(t) = [f*(e"(t)) — ca(L* @ H)e" (t — (1(t)) + u*(t)

—a(Iy @ ) (e"(t — G(t)) — (1 - Cz(t)))]]dt +0"(t, e"(1))dB(1),
de?(t) = [f*(e"(t)) — e2( LY @ H)e"(t — Cu(t)) + u¥(t)
—ci[(In @ D) (e (t — Ga(t)) — e”(t = Ga(1))]] dt + 0¥(t, €? (1)) dB(t),

(6
where e®(t) = (ef” (1), -- G%T(t))Tﬁy(t) (g (1), el ()7, [7(e" () =
(f (e (1), J”“"T(e?v(t))) fr(er(t)) = (f" (ed(t ). [ (e (1) )TT» a”(t,e"(t)
= (o' (t,ef (1)), -+, oR (. efv(t))) Lol(t e () = (o (L ef(D), - oy (L el (1)))"

) e ( (L @ H)e(t — (1)) )
\ (e myent - G0)
D)(e(t - Galt)) — e¥(t — Gal1))) )
D) (et - Galt)) — et — Gal1))

4
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a¥(t,e¥(t))

(50

dt + ( o (t, (1)) )dB(t)

For simplicity, we also set e(t) = (e*1(t), VT ()T, f(e(t)) = (f*T(e2(t)), f*T(e¥(1)))7,

and o (t,e(t)) = (oL (t,e%(t)), o¥T(t,e¥(t)))T.

We also make the following assumptions.

Assumption (A1) Each system of (3) and (4) admits a unique solution,
respectively.

Assumption (A2) There exist diagonal matrices U; and Us such that

(ff (=) = J;{E(Z2))T(ff(zl) — fi (=)
(fiy<21) - fz‘y<z2>)T<fzy(Zl) - fzy(z2>>
for all z;,20 e R", 1 =1,2,--- | N.
Assumption (A3)[20, 37] There exist positive constants ¢, p; and p,
satisfying 0 < (1(¢) <, 0< Gt) <0< G(t) <pr<land 0<(G(t) <
P2 < 1.

Assumption (A4)[20, 32, 37] There are positive semi-definite matrices
27 3¥ such that

trace[o™T (¢, 2)o% (t, 2)] < 2T%%z and trace[o?” (¢, 2)o¥(t, 2)] < 2T%¥2
forall ze R", t e Rt, andi=1,2,---,N.

Definition 2.1 The duplex networked system (2) achieves stochastic intra-
layer synchronization almost surely, if

lim (z;(t) — x;(t)) =0, a.s. and lim (y;(t) —y;(t)) =0, a.s.

t——+o0 t——+o00
fori,j=1,2,--- N, or quivalently,

lim (z;(t) —s°(t)) =0, a.s. and lim (y;(t) — s¥(t)) =0, a.s.

t——+o0 t—+o00

fori=1,2,---  N.

In what follows, the LaSalle-type invariance lemma [38] for stochastic
differential delay equations is recalled to proved our results. Consider the
following n-dimensional stochastic differential delay equation

de(t) = f(t,x(t), z(t — Q))dt + o(t,z(t),x(t — C))dB(t). (7)
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Lemma 2.1 [38] Assume that system (7) has a unique solution x(t,&) on
t > 0 for any given initial data {x(0) : —C < 0} = £ € C% ([=¢,0;R").
Moreover, both f(x,y,t) and o(t,z,y) are locally bounded in (z,y) and uni-
formly bounded in t. If there exist a function V € C*Y(RT x R™";R"),
e LYRT,RT) and wy,wy € C(R™;RT) such that

;CV(t,ZL‘7y) < 6(t) - wl(x) +w2(y)7 (t,x,y) € RT x R™ x Rn) (8)
wi(x) > wa(x), Vo # 0, (9)
Ii inf = 0. 1
Hxﬁr_{loo 0§1£1<OOV(75,3:) 00 (10)
Then tlim ©(t,€) =0 a.s. for every & € C4 (¢, 0, R™).
— 00
3 Main Results
3.1 Synchronization with state-feedback controller
Assume that the controller is defined as follows
usf(t) = —keer(t),
ug (t) = —ki'ef(t)
fori=1,2,--- N, ie.,
u?(t) —(KY® I)e’(t) )7
where k¥’s and k!’s are constant control gains, u®(t) = (uf?(t), -+ ,usf ()7,

w(t) = (w7 (t), - u ()7, K* = diag{k?,--- , k% } and K¥ = diag{k?, - , K%}

Theorem 3.1 Assume that (A1)-(A4) hold. Under the controller (11), the
duplex network (4) and (3) are stochastically synchronized almost surely if
there exist two positive numbers \1, iy and positive definite matrices Py, Py, Ps,

Q1,Q2, Qs3, such that

Py <\, and Qi < il (12)
I, 0 In®P 0 IIis 0 IIi; Ilig
0 Il 0 Iy ® (1 0 Iy Ilypy Ilgg
* 0 —-Iy®I, 0 0 0 0 0
oo« 0 —Iy®IL, 0 0 0 0
=15 0 0 M, o o o |<% (13
0 * 0 0 0 Ilgg O 0
* * 0 0 0 0 H77 0
* * 0 0 0 0 0 Hgg



1 where

I = 2K"® Py + Iy ® (MX7 + Py + P3 + Uy),

IIis = —cL” @ P H,
IIi; = —c1In @ PT,

My = —2KY @ Q1 + In ® (1n XY + Q2 + Q3 + Uy),

H26 — _CQLy ® Q1H7
Iy = 1y ® Q1T
Iy = —c1In ® erv

55 = —(1 — p1)(In ® Po),
g = —(1 — p1)(In @ Qa),
77 = —(1 — p2)(In ® P3),
Igs = —(1 — p2)(In @ Q3).
2 Proof. We choose a Lyapunov functional
Vitelthelt = Glhet— ) =0 (V5P 0
t T(s Ine B 0 e(s)ds
+/t<1<t>>6 ()( 0 IN®Q2) 2l
t T(s In® By 0 e(s)ds
+/mz(t))e ()( 0 IN®Q3) (o)
s Thus,
V(L e(t), e(t — Cu(D)), (t—@(t)))
o Iy ® P fe(er (1))
N ( IN®Q1 ) [( fU(e?(t)) )
( (L* @ H)e"(t = Gi(t)) ) " < (In @ T)(e”(t = Ga(t) —
(LY ® H)e!(t — Gi(1)) (Un @) (e’(t — C(t) —
( I)e"(t) T In ® P 0
<< Ko1)o (t)> +irace o (t,e(t))< 0 oo
"‘eT( ) ( IN(§P2 ]N(g)QZ ) (t)
a-Goe-am (M5 0o, )ee-am)

) e(t)

e’ (t — (1))
e’ (t — (1))

) o(te(t))]

)



+e'(t) ( o ? " Iy é Qs ) e(t)

~a=dnere—am (5T 0o -G
2¢" () (In @ Pr) f*(e" (1)) + 2 (t)(In @ Q1) f(e¥ (1))
—2ce™ (1) (In @ Py)(L* @ H)e®(t — Gi(t)) — 2¢c2¢"" () (Iv @ Q) (LY © H)e¥(t — (i(1))
—2e"T(t)(Iy ® P)(K* @ I,)e"(t) — 2e¥T (In ® Q1)(KY @ I,,)e¥(t)
—2c1e™ (t)(Iy ® Pr)(In @ T)(e(t — Go(t) — €'(t = (1))
—2c1e" () (In ® Q1) (In ®@ F)(ey(t - C2(t)) —e"(t = G(1)))
+trace [0 (t,e"(t))(Iy ® Py)o (t))] + trace[o¥" (¢, €¥ (1)) (In ® Q1)o¥(t,e¥(t))]
+e (1) (In @ Py)e”(t) + eV (t )(IN ® Q2)e(t)
—(1 =GNt = ) Iy ® Poet(t — Gu(t) + e’ (t — (1) (In © @2)e? (t — (i(1)))
)
;i

IN

+e" (1) (In ® Ps)e () + e’ (t)(In @ Q3)e?(t)
—(1=G@) (™t — G1)(In ® Py)e"(t — G(t) + e/ (t — () (In ® Q3)ev (t — (2(1)))
+e" T () (Iy @ Up)e®(t) — [ (e"(8)) f* (" (1) + €T (t)(Iy @ Uz)e’(t) — U7 (e (1)) fY(e¥ (1)),

using Assumption (A2). Moreover, with the assumption (A4), one obtains
that

trace[ Tt e (1) (In @ P)o"(t, 61(15))]

= trace (ZUIT ) Pio’(t, e (t)))

< dmax(P) Y trace (o7 (1, ei(t))o% (1, (1))

=1
N
< MY eT()%%(t) < MetT (1) Iy @ T7)e" (1),
=1

Similarly, one also obtains that
trace[o¥" (¢, ¥ (1)) (In ® Q1)o" (t, €"(1))] < pe’™ (t)(In @ ZV)e!(t).
Therefore,
LV (t,e(t), e(t — Gi(1)), et — Go(t)))
2" () (In @ Pr) f*(e" (1)) + QByTS )(In @ Q1) f(e¥(t))

t
—2c2¢"T (1) (L* @ PLH)e®(t = (i(t)) — 2c2¢"" (1) (LY @ QuH)e¥ (t — (1))
26T (1) (K® @ Pr)e®(t) — 26"T(KY © Q) )e¥ (1)

IN

8



—2c1e"(t)(Iy © PIT) (e (t — Ga(t)) — ¥ (t — Ga(1)))
—2¢1e¥" (1) (Iy ® QD) (e (t — (1)) — €(t — G(1)))
+Ae™ () (Iy @ B7)e (1) + pe?™ (8) (Iy @ X)e(t)
+e"T (1) (In @ Py)e™ () + e (1) (I © Q2)e¥ (1)
—(1 = p)(e"T(t = G (1) (In ® Py)e™(t — (i(t))
+e™ (1) (In ® Py)e™(t) + e (1) (I © Q3)e? (1)
—(1 = p2) (" (t = G(t)) (In @ Pa)e”(t — Ca(t)) + e/ (t — Ga(t)) (I © Q3)e? (t — (a(t)))
+e"T () (In @ Ur)e®(t) — [T (e (1) f7(e"(1) + e (1) (In @ Up)e? (t) — f¥7 (¥ (1)) ¥ (e¥(1))
= 2" (H)1z(t) < dMnax(Iz' (1)z(t) = —w(z)

where z7(t) = (e*T(t),e!T, =T (T (1)), fU7 (VT (1)), e*T(t — Ci(t)), ¥ (t —
Cl(t))7 exT(t - QQ(t))v 6yT(t - CQ(t») and

+ e (t = Q) (In ® Q2)e¥(t — (i(1)))

=

1 0 [N®P1 0 H5 0 H17 ng

1
0 Iy 0 In®@Qr 0 Iy Iy 1l
* 0 —-Iy®I, 0 0 0 0 0

m— 0 * 0 —Iy®I, 0 0 0 0

* 0 0 0 H55 0 0 0 ’
0 * 0 0 0 IIgg O 0
* * 0 0 0 0 H77 0
* * 0 0 0 0 0 Hgg

1 where

II;; = _2[(75®P1+]N®()\12$—|—P2—|—P3—|—U1),
IIis = —cL* ® P1H,
Iy, = —c1Iy ® AT,
IIig =iy ® P T,
MMy = —2KY @ Q1 + In @ (X + Q2 4+ Qs + U:),
Ilyg = —co LY ® Q1 H,
Iy = cidy @ Q11
IIys = —cilny @ 1T,

55 = —(1 — p1)(Iny @ P2),
Mes = —(1 — p1)(In ® Q2),
77 = —(1 = p2)(Iny @ P3),
Mg = —(1 — p2)(Iny ® Q3).

2 By Lemma 2.1, the proof is complete.

9



1 Note that each node in one layer is the replica of the node in another layer.
> Therefore, (5(t) should be significantly smaller than (;(¢). In the following
3 result, we assume that ((t) = 0.

+ Theorem 3.2 Assume that (A1)-(A4) hold. under the controller (11), the

s duplex network (4) and (3) are stochastically synchronized almost surely, if

s there exist two positive numbers A1, i1 and positive definite matrices Py, Py, Q1, Q2,
7 such that

P < M, and Q1 < 1, (14)
8
Y X2 IN® P 0 Y15 0
% Yoo 0 INn®@Q1 0 X
|« 0 —Iy®IL, 0 0 0
=1 0 0 —Iyer, o o |<0 (9
* 0 0 0 255 0
0 * 0 0 0 266
o where
211 = —2K* ®P1 +IN® ()\12$+P2+U1 — 2C1P1F),
Yo = cily @ (P + Q)T
Yis = —cl*® P H,
Yor = —2KY @ Q1 + In @ (11X + Q2 + Uz — 2c:(1 1),
Yo = —co LY @ Q1 H,
Y55 = —(1 = p1)(In @ P),
Yo = —(1 — p1)(In ® Q2),
10 Proof. Consider the Lyapunov functional
Iy ® P 0
B _T N 1
Vet - aon = (M5 2o Ve
t
In @ P 0
+/ e’ (s) ( ) e(s)ds.
(1) 0 In®Q:
11 Thus,

= 27(¢) [N%)Pl [N;Ql ) [( JJZEZ;EE;; )

e, ( Eggg)ex(t—ﬁ(ﬂ) ) e < (Iy @) (e"(t) — (1)) )



_ < Egygﬁgigg ) +trace [JT(t,e(t)) ( 0 Iy O ) a(t,e(t))}

+e' (1) ( R S Qs ) (t)

~a=danere-am (M5 0o )ee-ao)

2¢™ (t)(Iy @ P1)f*(e"(t)) + 2" () (Iy ® Q) f (" (1))

—2c2¢™ () (Iy @ P1)(L" @ H)e" (t = Gi(t)) — 2c2¢"" (t)(Iv ® Qu) (LY ® H)e"(t — Cu(t))
—2¢"T(t)(Iy ® P)(K* ® I,)e"(t) — 2" (Iy @ Q1)(KY ® I,,)e"(t)

—2c1™ (t)(Iy @ Pr)(Iy @ T)(e"(t) — €'(1))

—2c1” (t)(Iy ® Q1) (In ® F)(ey( ) e(t))

+trace [0 (t,e"(t))(Iy ® Py)o (t))] + trace[o¥" (¢, €¥ (1)) (In ® Q1)o¥(t,€¥(t))]
+e" (1) (Iy ® Py)e”(t) + e (¢ )(IN ® Qa)e’ (1)

—(1 = GE(ET (= GO)In @ Pa)er(t = (1) + T (t = G () (I ® Qo)e’(t = Gi(1)))
+e™ (1) (In @ Un)e™(t) — [ (e (1)) f7 (e (1)) + e () (Iv @ Un)e? (t) — ¥ (e" (1)) f*(e* (1)),
using Assumption (A2). Moreover, with the assumption (A4), one obtains

that

IN

trace [o"7 (¢, " (1)) Iy @ P1)o"(t, e = trace (Z ol (t, el (1)) Piof(t, e (t)))

< max(P) Y trace (a2 (¢, ()07t ei(1))

=1

< el (O)Ee(t) < Met" (H)(Iv @ B7)e (1),

Similarly, one also obtains that
trace[o¥" (¢, €¥(t))(In ® Q1)a¥(t, e (1))] < pae?" (t)(Iy @ T¥)ev(t).
Therefore,

LV (t,e(t), e(t = Gi(1)))
2¢™ () (In @ P1)f*(e"(t)) + 2" () (I ® Q) f (" (1))

—2c2™ (1) (L" @ PLH)e" (t — G (1)) — 2e2e" (1) (LY ® QuH )e¥ (t — Gi(1))
—2e" () (K" @ Pr)e”(t) — 2" (K @ Q1)e"(t)

—2c1e™ (t)(Iy @ PIT)(e"(t) — e¥(1))

IN

11



1

—2c1e’" (1) (In © QD) (eV(t) — (1))
FAe () (Iy @ B7)e (1) + e () (In @ 2Y)e! (1)
+e™ (1) (In @ Py)e®(t) + eI (1) (In ® Qq)e¥ (1)
—(1 = p) (e (t = Q1)) Iy @ Po)e”(t — (i(1))
+eT(t — G() (In ® Qa)e¥(t — Gi(1)))
+e (1) (In @ Ur)e”(t) — f1(e(1) f* (e (1))
+eVT (1) (In @ Un)e¥ (t) — [ (e¥ (1)) f¥(e"(1))

= 27 (H)¥z(t) < Amax(X)z” (t)z(t) £ —w(z)

where (1) = (7047, ST (O), P70 (- G0). 7 t= G 0)

Y Y2 INn®P 0 Y15 0
* Moo 0 IN®Q1 0 X9
o * 0 —-Iy®I, 0 0 0
0 * 0 —Iy®I, O 0 ’
* 0 0 0 255 0
0 * 0 0 0 266

where

Y= —2K*®@ P+ Iy ® (ME* + Py 4+ Uy — 2¢, P,T),
Yip=caly® (P +Q)r
Y5 = —L* ® P H,
Sy = —2KY @ Q1 4 In ® (11X + Qo + Up — 2¢,Q1T),
Yo = —Co LY @ Q1 H,
Y5 = —(1 = p1)(In ® P»),
Yo = —(1 — p1)(In ® Q2),

By Lemma 2.1, the proof is complete.

Remark 3.1 Comparing (13) and (15), one can see that it is easier to ob-
tain a feasible solution to the linear inequalities in the case (3(t) = 0. More-
over, different from Theorem 3.1, one can easily find that (15) is diagonally
dominant if the inter-layer coupling strength ¢y is large enough and the intra-
layer coupling strength is small enough. In such situation, there always exist
feasible solutions to (14) and (15) without control input which means that
the intra-layer synchronization would be automatically achieved without any
control input.

12



1

2

10

11

12

13

3.2 Synchronization with adaptive state-feedback con-
troller

Assume that the controller is defined as follows

{ uf (t) = —k7(t)ef (1),
ul(t) = —kY (t)el(t),

2

w(t) N _ (K1) @ L)e"(t)

(o)) = ( Skt o Dyt ) (16)
where ux(t) = (ufT@)’ T 7uu}CVT(t>)Tv uy<t> = (UZIIT(t)a T ’U?JJVT(t))TJ Kx(t) =
diag{k{(t), - ,k%(t)} and KY(t) = diag{k{(t),--- , k% (t)}. Besides, k7(t)’s
and kY (t)’s are adaptive control gains and updated by

{ kE(t) = 5;’»”efT(t)6g(t), (17)

where 07,07 are some positive constants to be designed.

177

Theorem 3.3 Assume that (A1)-(A4) hold. Under the controller (16), the
duplex network (4) and (3) are stochastically synchronized almost surely, if
there exist two positive numbers Ay, p1 and positive definite matrices P, =

plln7P27P37Ql == Q1In,Q2,Q3, SUCh th(lt

Py < M\, and Q < pil, (18)
EH 0 IN & P1 0 El5 0 El? EIS
0 Za 0 IN®Q1 0 Eg Zo7 Zgg
* 0 —Iy®I, 0 0 0 0 0
I 0 —Iy®L, 0 0 0 0
== « o0 0 0 =, 0 o0 o |<0 (19
0 * 0 0 0 =g O 0
* * 0 0 0 0 577 0
* * 0 0 0 0 0 =g

where

En=-2K"QP +Ix®(MX2+ P+ P+ Uy),
515 = —CQLx @ P1H7
Zir = —aly @ P,

13



Eig=cly ® AT,
Ep = 2KYQ Q1 + Iy ® (XY + Q2 + Q3 + Us),
S = —LY @ Q1 H,
Eor = a1y @ Q1T
Egg = —c1Iy @ 1T,
Ess = —(1 =) (Iny @ P),
(1 =p)(In ®Q2),
Err=—(1—p2)(In ® P3),
(1—=p2)(In ® Q3),

266 — —

=88 = —

1 and K® = diag{k?,--- ,k%}, KY = diag{k},--- k% }.
2 Proof. Consider the Lyapunov functional

Vitelthelt = et - alon =<0 (V57 00 e

t N
T IN ® PQ 0 1 . e
" /t—gl(t)) e (s) < 0 In ® Qs e(s)ds + p1 ZZI E(/{:z (t) — kF)
t N
T IN ® P3 0 1 y e
" /tcza)) “ < 0 IyeQ )Wdta 2 5! (K (E) =)

s Thus,

— QeT(t) Iv® b~ 0 )

2(1)) = e(t = G

L*@ H)e(t — (1))

)
(1))

(1)) — e (t = G(1)))

( — Gt
(Ly & H)ey(t — Cl(t
Iy@T)(e"(t = ¢ ) )

In @) (e(t )

K*(t) ® I,)e"(t
K(t) @ I,)ev (¢
+trace[o” (1, (1)) < IN(?Pl [N;Ql ) o(t,e(t))]

+2e (1) (K*(t) @ Pr)et(t) — 2¢"T (K* @ Pr)e”(t) + 2e¥T (8)(K¥(t) ® Q1)e(t)
—2e¥T(KY @ P))ev(t)

14



(M 0 Yo

~a-amera-am (5 L, )de-an

e (?) ( " ? " Iy ; Qs > ()

~a=dnere—am (M5 0o - ao)
2¢™ (t)(In @ Pr) f*(e" (1)) + 2" (1) (In @ Q1) fY(e¥ (1))
—2c2¢"T () (In @ P)(L* @ H)e"(t — (1 (1))

—2c2eT () (In © Q1) (LY @ H)e!(t = (i(t))

—2¢"(t)(In ® P)(K® @ L,)e"(t)

—2e¥T(In ® Q1) (KY @ I,)e¥(t)

—2¢:¢"T (1) (In @ Pr)(In @ T)(e(t = (1)) — €¥(t = (a(t)))
—2c1"" () (In ® Q1)(In ® F)(ey(t = G(t) — € (t — G2(1)))
+trace [0 (t,e" () (Iy @ P)o(t,e"(t))]

+trace[a¥" (¢, €¥ (1)) (In ®Q1)U (¢, ey (t))]
+e (1) (In @ Pa)e”(t) + e (1) (In @ Qa)e¥ (1)
—(1 =G )™ (t = Q1) Iy @ Pa)e(t — Gi(1))
eV (t = G(1)(In ® Q2)e’(t — (i(t)))

+e (1) (In ® Po)e™ (1) + " (1) (In ® @s)e’(t)
—(1 = G®)) (™ (t = G(1)(In @ Py)e”(t — Go(1))
+eT(t = G() (In © Qa)e? (t — (o(1)))

+e™ () (In @ Un)e®(t) — [ (e (1)) f2(e" (1))
+eT (1) (In @ Un)e? (t) — f27(e¥(1)) f4(e*(1)),

1 using Assumption (A2). Moreover, with the assumption (A4), one obtains
> that

IN

trace [o"T (t, e (t))(Ix ® P1)o(t, ()]

= trace <Z ol (t, el (1)) Piof(t, e (t))>

< Amax(P1) Ztrace( T (t, ei(t)of (t, ei(t))>

=1

15



< MY el(H)n%(t) < et (1) Iy @ T7)e" (1),

Similarly, one also obtains that
trace [o¥" (¢, €Y (t))(In @ Q1)0¥(t, €¥(1))] < pue?" (t)(Iy @ T¥)e¥(t).

Therefore,

ﬁV(t, e(t)’ e(t - Cl(t))7 e(t - <2( )))

< 27T (1)(In @ Py) f*(e (1)) + 2e¥7 (1) (In © Q) f¥(e¥(2))
—2c0e™(t)(L* @ PLH)e"(t — (1(t)) — 2c0e?" () (LY @ Q1 H)e¥ (t — (1 (t))
—2e" (1) (K* @ Py)e”(t) — 2¢" (K¥ @ Q1)e(t)
—2c1e (1) (In @ PID)(e"(t = (o) — € (t — Ga(t)))
=21 (1) (In @ QID)(eV(t — Go(t)) — €7 (t — Ga(1)))
+he™ () (In @ B7)e (1) + e’ () (In @ BY)e? (t)
+e (1) (In @ Po)e”(t) + e (1) (In ® Q2)e" (1)
—(1 = p)(e”(t = Q1) (In ® Po)e”(t — Gi(t))
+e!(t = G(0))(In @ Q2)e"(t — Gi(1)))
+e™ () (In @ Ps)e™(t) + " (t)(In ® Q3)e’(t)
—(1 = p2)(e” (t = G(1)(In ® Py)e”(t — (1))
+eyT(t — (1) (I © Qs)e’(t — (a(1)))
() (In @ Ur)et () — [ (e(1)) f7 (e (1))
+6yT(t (In ® Uz)e(t) — fyT(ey( )) fU(e(t))
= 2’ (1)Zz(t) < Amax(E)z" (t)z(t) £ —w(z)
where z'(t) = (e"(t), ", f* (e (1)), f7 ("7 (2)), e (t — Gi(1)), e (t —
Gi(t), e (t — Ga(t)), €¥T (t — (1)) and
Zn 0 In® P 0 Zi5 0 Zi7r Zis
0 Zx 0 In®Q1 0 Zy Zar Zx
x 0 —Iy®I, 0 o o0 0 0
- 0 = 0 —Iy®Il, 0 0 0 O
- x 0 0 0 =5 0 0 0 ’
0 0 0 0 =Z¢ 0 O
* * 0 0 0 0 =4 0
* * 0 0 0 0 0 ZEgs
where

En=—2K"Q P +Iy®(MX%+ P+ P+ Uy),

16



(1]

15=—CL"® P H,
17 =—cly @ AT,
S =aly® AT,
B = 2KV @ Q1+ Iy ® (XY + Q2 + Qs + Ua),
Egs = —o LY @ Q1 H,
Eor = c1ly @ Q1T
Egg = —c1Iy @ Q1T

[1]

Zs5 = —(1 = p1)(In ® P),
Ze6 = — (1 — p1)(In ® Q2),
Err=—(1—p2)(In ® P3),
Ess = —(1 = p2)(In ® Q)

By Lemma 2.1, the proof is complete.
For the special case where (5(t) = 0, we have the following result.

Theorem 3.4 Assume that (A1)-(A4) hold. Under the controller (16), the
duplex network (4) and (3) are stochastically synchronized almost surely, if

there exist two positive numbers A\, u1 and positive definite matrices P, =
pily, Po, Q1 = q11,, Q2,, such that

P < M, and Q1 < l, (20)
A A IN® P 0 Ais O
* Moo 0 INn®@Q1 0 Ay
|« 0 —wern o 0 0
A=1 o . 0 “Ivel, o o | <0 @
* 0 0 0 A55 0
0 * 0 0 0 Asgs

where

A= 2K ®@ P+ Iy ® (ME" + P+ Uy — 26, A1),
Ap=cly® (P + Q)T
Ais = —coL* @ P H,
Aoy = —2KY @ Q1 4 In @ (11 XY + Qg + Us — 2¢,Q11),
Nog = —co LYV @ Q1 H,
Ass = —(1 — p1)(In @ Pr),
Nes = —(1 — p1)(In ® Q2),

17



1 and K® = diag{k?,--- ,k%}, KY = diag{k},--- , k% }.
2 Proof. Consider the Lyapunov functional

Vi(t,e(t), et = Gi(1)))

- GT('LL) < IN(§)P1 IN;QI >€(t)

t
Iy ® Py 0
+/ eTs( )esds
e U0 e )

N N

Y (R — R b D () — R

=1 =1

3 Thus,
LVt e(t).eft — (1)
T In® P 0
= 2¢(1) 0 In ® Q1 >
(1) (B omet-al)
fren) ) %\ (e By - G ()
o (e D —ew
v e e - )
(o me )
(K¥(6) ® L)er (1)
+trace |:O'T(t,6(t)) ( In %9 P In (; 0, ) o(t, e(t))]
20T (0 (K (1) © Pu)er(1)
26T (R ®© P)er(t) + 207 (1) (KY(1) @ Q1) (1)
2 (v et + o (T 00 e
—a-aoa-am (M5 0, )de-an)
< 267 (1) (I @ P ) + 2077 (1) (I © Q1) F(e (1)

—2c0¢"T () (Iy @ Py)(L* @ H)e"(t — (1(t))
—202e"T(£) (Iy ® Q1) (LY ® H)e(t — (1 (1))
—2e"T (1) (Iy ® P)(K* ® I,,)e"(t)
—2e¥T(In ® Q1)(KY ® 1,,)e¥(t)

=201 (t)(Iy ® Pr)(In @ T)(e(t) — e¥(1))

18



—2c1e*" (1) (In ® Q1) (In ® ) (e ( ) —€e"(t))
+trace [0 (t,e"(t))(Iny @ P)o”(t, " (t))]
+trace[o¥" (¢, e¥ (1)) (In ®Q1)0 (t, ey (t))]

+e™ (1) (Iy @ Po)e”(t) + e (1) (I ® Qa)e¥ ()
—(1=G@)(ET (= GO In @ P)e(t — Gi(t))
+e T (t — G() (In ® Qa)e¥ (t — Gi(t)))

+e () (In @ Ur)e®(t) — f*1(e(8) £ (e (1))
+eVT (1) (In @ Ua)e¥ (t) — fY7(e¥ (1) f¥(e"(1)),

using Assumption (A2). Moreover, with the assumption (A4), one obtains

that

trace|[o Tt e (1) Iy @ P)o"(t, e*(t))]

= trace <Z axT tej(t))Piof(t e (t))>

< Amax(P) Z trace (o7 (¢, e4(t))o% (¢, (1))

=1
N
< YT ()%%(t) < MetT (1) Iy ® T7)e" (1),
=1

Similarly, one also obtains that

trace [o¥7 (¢, ¥ (t))(In ® Q1)0¥(t, €¥(1))] < pue?" (t)(Iy @ T¥)e¥(t).

Therefore,

IN

LV (t,e(t), e(t — Ci(t)), e(t))

2" (t)(In @ Py) f7(e"(t)) + 2e¥ (t) (In @ Q1) f¥(e¥(1))
—2c0¢™ (t)(L* @ PLH e (t — Gi(t))

—2c5e"T (£)(LY @ QuH)e? (t — (i(t))

—2e"T (1) (K* ® Py)e"(t)

—2e¥T(KY @ Q)e(t)

—2c,¢™ (1) (Iy @ PiT)(e"(t) — e¥(t))

—2c1e"T () (Iny @ Qi) (e¥(t) — € (1))

+Ae™ () (Iv @ B)e" (t) + me?” (1) (Iv @ T¥)e¥ (t)
+e™ (1) (In ® Py)e™(t) + e (1) (Iy © Q2)e? (1)

19



—(1 = p)(e” (t = (1) (In @ Po)e”(t — Gi(t))

+eT(t — G (1) (In ® Qa)e¥(t — Gi(1)))

+e™ (1) (Iy @ Ur)e" (t)

=T () (e (1) + e (1) (In @ Us)e? (t) — f*7 (¥ (1)) f¥ (¥ (2))
= 2" (H)Az(t) < Amax(MN)z" (1)z(t) & —w(z)

Whgre z' (t) = (" (1), €T, fr1 (e (1)), [ (e¥ (1)), e (t=Cu(t)), e (t—Ci(t)))

A A IN®P 0 Ais 0
Ao 0 IN®Q1 0 Ay
A~ * 0 —-Iyv®I, 0 0 0
0 * 0 —Iy®I, O 0 ’
* 0 0 0 A55 0
0 * 0 0 0 A66

1 where

A= 2K @ P + Iy ® (ME® + Py + Uy — 2, P T),
Ap=caly® (P + Q)T
A5 =—cL* ® PH,
Aoy = —2KY @ Q1 4+ In @ (1n XY + Qg + Us — 2¢,Q1 1),
Agg = —co LV @ Q1 H,
Ass = —(1 = p1)(In @ Pr),
Aes = —(1 — p1)(In ® Q2),

> By Lemma 2.1, the proof is complete.

s Remark 3.2 Comparing (19) and (21), one finds that it is easier to obtain
4+ a feasible solution to the linear inequalities in the case (5(t) = 0. Moreover,
s stmilar to Remark 3.1, the intra-layer synchronization would be automatically
s achieved without any control input when the inter-layer coupling strength cq
718 large enough and the intra-layer coupling strength co is small enough.

: 4 Numerical simulations

o To verify our main results, we construct a Chua-Chua chaotic system in this
10 section.
A Chua-Chua chaotic system. In the synchronous states (3), we
choose the following settings of the Chua chaotic systems

f2(2) = A%2 — o®h®(2) and f¥(2) = AYz — a¥hY(2),

20



where z = (2, 22, 23>T7

—a® o 0 —a¥ o’ 0
A= 1 11| adar=| 1 —11],
0 5 0 0 B 0
and h*(z) = (mfz + 5(m§ —m7)(|z1 + 1] — |21 — 1]),0,0), h¥(z) = (m{z +
s(m§ — mi)(|z1 + 1| — |21 — 1/),0,0)". Moreover, we choose the following

parameters o = 9, §% = 100/7, m¥ = —8/7, m{ = =5/7, a¥ = 8, * =
110/7, m% = —10/7, m? = —4/7, ¢ = 0.05, Co(t) = 0.4sin(t) + 0.6,
1 11
'=1111
1 11
With some efforts, we obtain that U; = 2diag{(a®)? + 3, (a®)? + (%) +
1,3} + 2(a®)2diag{(m¥)? + (m& — m¥)2,0,0} < diag{281,573,3} and U <

diag{270,624, 3}. Figure 1 gives the dynamical behavior of the drive system
(3).

1

Figure 1: The dynamic behavior of the drive system (3).
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(a) Dynamic behavior z-state of the drive (b) Dynamic behavior y-state of the drive
system. system.

The duplex network. Our duplex network consists z-layer and y-layer,
where each layer has 100 Chua chaotic oscillators. We use Watts-Strogatz
small-world graph [39] to construct the z-layer by taking initial degree d = 4
and rewiring probability p = 0.2. The y-layer is a scale-free graph [40, 41]
where the node degree follows a power law distribution with exponent 2.2.
The intra-layer inner coupling matrix is chosen as the identity matrix H = I3.
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We also set ¢ = 0.05 and (;(f) = 0.5cos(t) + 0.5. The noise intensity
functions are chosen as

op (t, e/ () = 0.5(ef (¢), e
oy (t,ei (1)) = 0.3(ef (1), €/(1)),
for i = 1,2,---,N. Therefore, ¥* = 2-0.52[3,2Y = 2 - 0.323. Moreover,
we use the Euler-Maruyama method [42] to compute the trajectories of the
stochastic differential equations.

The dynamical behaviors of the (4) are shown in Figure 2.

Figure 2: The dynamic behavior of the response system (4) with no control.
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J r\/ /(fw/ L/ | //J" 'S 7/% | 0s5f
00 L VARN

1 ,i ;;\
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1 (t) 7 7 7 7 yu(t)

(a) Dynamic behavior z-state of node 1 of (b) Dynamic behavior y-state of node 1 of
the response system. the response system.

To evaluate the performance of the synchronization, the total z-layer and
y-layer errors of the intra-layer synchronization are defined as

N 1/2
le* ()] = (Z(xi(t) — s (t)" (wi(t) — 8%))) :

i=1
and
N 1/2
le? () = (Z(yi(t) —s¥(1)" (wi(t) — Sy(t))> )
i=1
respectively.
The situation under controller (11). For simplicity, we set kf = k3 =

e =k% =k kY =Ky = - = k% = kY and thus K* = k" Iy, KY = kY.
Note that (13) is not a linear matrix inequality. Even though, we can search
the solution to (12) and (13) as follows.
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e Step 1, we assign large numbers to k% and kY respectively, and then (13)
becomes a linear matrix inequality of Py, P, Ps, @1, (Q2, Q3 which can
be solved by the LMI toolbox provided by Matlab.

o Step 2, if (12) and (13) are feasible by the LMI toolbox, then we de-
crease the values of &% and kY.

Repeat Step 2 before the inequalities (12) and (13) become infeasible, we will
obtain appropriate control gains £* and kY.

Under the preceding settings, we finally choose £ = 3.5 and kY = 5.5 and
the solution to (12) and (13) is listed as follows, p; = 43.6369, A\; = 14.9600,
Py = diag{10.5924, 14.5055, 6.9590},

10

11

12

13

14

15

16

17

18

19

20

21

22

136.3493 —0.0139 —0.0135 124.0841  0.0052 0.0057
P, = —0.0139 103.7976 —0.0149 |, P; = 0.0052 98.8094 0.0045
—-0.0135 —0.0149 171.7173 0.0057  0.0045 151.8279
7.3463  0.0001 0.0001 196.0905 —0.0101 —0.0082
@1 = | 0.0001 10.4292 0.0001 | ,Q.= —0.0101 172.7337 —0.0094
0.0001  0.0001 5.0399 —0.0082 —0.0094 214.8866
170.7531 0.0090 0.0105
Q3 = 0.0090 153.4701 0.0095

0.0105 0.0095 184.6795

Under the controller (11), Figure 3 gives the trajectories of z-state and y-layer
of node 1.

To verify the theoretical result, we also give the time evolution of the
x-layer and y-layer errors in Figure 4.

The situation under controller (16). For simplicity, we set k¥ = k% =
o=k =k K =k =--- = k% = k¥ and thus K* = k%I, KY = kVIy.
Note that (19) is not a linear matrix inequality. Even though, we can search
the solution to (18) and (19) similarly to that of controller (11) as follows.

e Step 1, we assign large numbers to k% and kY respectively, and then (19)
becomes a linear matrix inequality of P, P, P3, ()1, @2, Y3 which can
be solved by the LMI toolbox of Matlab.

o Step 2, if (18) and (19) are feasible by the LMI toolbox, then we de-
crease the values of k% and kY.

Repeat Step 2 before the inequalities (18) and (19) become infeasible, we are
going to obtain appropriate control gains £* and kY.
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Figure 3: The dynamic behavior of the response system (4) under controller

(11).
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(a) Dynamic behavior z-state of node 1 of (b) Dynamic behavior y-state of node 1 of
the response system under controller (11). the response system under controller (11).

Figure 4: Time evolution of the total errors of the response system under
controller (11).
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Under the preceding settings, we finally choose k* = 4.5 and kY = 6.5 and
the solution to (18) and (19) is listed as follows, u; = 166.3930, A\; = 43.4001,
P, =16.496913, Q)1 = 12.067813,

136.3493 —0.0139 —0.0135 124.0841  0.0052 0.0057
P, = —0.0139 103.7976 —0.0149 |, P; = 0.0052 98.8094 0.0045
—-0.0135 —0.0149 171.7173 0.0057  0.0045 151.8279
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Under the controller (16), Figure 5 gives the trajectories of z-state and
y-layer of node 1.

Figure 5: The dynamic behavior of the response system (4) under controller
(16).

0.6

0.4

0.2

T1a(t)

of

0.2

-04r

-0.6

) w1 (t) - ) - ) yu(t)

(a) Dynamic behavior z-state of node 1 of (b) Dynamic behavior y-state of node 1 of
the response system under controller (16). the response system under controller (16).

To verify the theoretical result, we also give the time evolution of the
x-layer and y-layer errors in Figure 6.

Figure 7 gives the average z-layer and y-layer control gains under con-
troller (16), which are defined by

B(0) = D) and B(0) = - DR,

respectively.

5 Conclusion

In the last few decades, a lot of synchronization schemes for the complex
systems have been proposed. However, many synchronization schemes de-
signed for a single network is not very reasonable. In this paper, we study the
intra-layer synchronization of a kind of duplex networks. Different from the
previous works [1, 2], Stochastic factor is introduced into the duplex network.
We also incorporate both the inter-layer delay and the intra-layer delay into
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Figure 6: Time evolution of the total errors of the response system under
controller (16).
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Figure 7: Time evolution of the average control gains under controller (16).
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(a) Time evolution of the average x-layer (b) Time evolution of the average y-layer
control gain under controller (16). control gain under controller (16).

the dynamical system. Both of the delays are time-varying. The paper [1]
only considered the intra-layer delays and they are assumed as the constants.
While the paper [2] did not consider the inter-layer delay or intra-layer delay.
When the system does not achieve automatic intra-layer synchronization, we
introduce two controllers: one is the state-feedback controller, the other is the
adaptive state-feedback controller. Interestingly, we find that the intra-layer
synchronization will achieve automatically if the inter-layer coupling strength
c1 is large enough and the intra-layer coupling strength ¢, is small enough
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when the time-varying inter-layer delays are absent. Finally, the simulations
show the effectiveness of obtained schemes.
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