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Abstract

The Moore-Gibson-Thompson equation with a viscoelastic memory and a
forcing is considered. The existence and uniqueness of a local solution is ob-
tained via the Faedo-Galerkin’s method. Furthermore, blowing-up solutions

with or without a positive initial energy exist due to the nonlinear forcing.
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1. Introduction

We present the existence of local solutions, and the occurence of blowing-up
solutions of the Moore-Gibson-Thompson (MGT in short) equation with a
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viscoelastic memory and a nonlinear forcing
Vgge + avg — EAv — BAv, + /t K(t — o)Av(o)do = |[v] v, (1)
0
for P := (z,t) € Qr := Q x (0,7T), with initial position and velocity
v(z,0) = (z), v(z,0) =w(x), vy(x,0) =T(z), x €, (2)
and supplemented with the boundary condition
v(P)=0, Pelx(0,7),T < oo, (3)

where the bounded domain 2 C R” is smooth and with boundary I'; the
kernel K : [0,400) — [0,400), ¢(z),w(z) and T(x) are given functions;
a > 0 and 8 > 0 are real numbers. In acoustics, the variable v denotes a
scalar acoustic velocity potential, ¢? the speed of sound, 3 describes damping
effect associated with an acoustic environment, see Lebon and Cloot [14] for
futher details; the memory effects of an acoustic environment is described by
fot K(t — s)Av(o) do.

Before we present our results, let us dwell on some existing literature. In

[17], Caixeta et al. studied global solutions of the equation
T + avy + CAv + BAv = f (v,v,00), P € Qr,

where A is a self-adjoint, positive operator densely defined in a Hilbert space
H and f is nonlinear. In [13],

t
TUw + auy + 2 Av + BAv, — / Kt —o0)Aw(o)do =0, Pe€Qp, (4)
0

has been studied; it is shown that the memory causes energy decay whenever
IC satisfies some conditions.

The blow-up for the MGT equation with viscoelastic memory and nonlinear
forcing is considered as a new problem. The works [2]-[I7], examine blow-up
results of (1)) — (3); No blow-up result when Z(0) > 0 or Z(0) < 0 (£(¢) is the
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energy of the system) is mentioned. We will then study blowing-up solutions
of problem(l]) — (3) when Z(0) > 0 and when Z(0) < 0.

The outline of the paper is as follows. In Section 2, we recall some spaces,
and we define a weak solution of problem — and establish some useful
inequalities which will be used in the sequel. Section 3 is devoted to the
study of local existence and uniqueness of the weak solution of —
via Galerkin’s method. Finally, we present the main results on blowing-up

solutions and estimates of the blow-up time.

2. Assumptions and main results

The norm of L? () is denoted by ||v]|, := (/ lv|? dm) ’
Q
The scalar product in L*(2) is defined by

Set
V(Qr) = {U v e HN(Qp), v € Hl(QT)},

and
W (Qr) = {u cu € V(Qr),u(z, T) = 0}.

Definition 2.1. A function v € V(Qr) is called a generalized solution of
problem — if it satisfies, for each u € W({r),

= (va(t), w(t))y 0, — o (v(t), w(t))yq,
+ A (Vo(t), Vu(t)yo, + B8 (Vu(t), Vu(t))yq,

- </O Kt — s)vU<a)ds,vu(t)>m
= a(w(@), u(0)s + (T(x), u(0)), + (Jvf*v(t), u(t), - (5)

) 2N
Lemma 2.2. [1] If1 < q < N 27N > 3, then the embedding H' () —

L9(QY) is continuous.



: 4(N -1
Lemma 2.3. [16] Let 4 < p < %

constant C, = Cp(p, N, Q) > 0 such that

, N > 3. Then there exists a

N

-9 —9 2
H|U1|p vy — |vf? U2||2 < Cp<1 + (HUIHHl(Q) + ||U2HH1(Q)>

p 2 9
+ (il + leellm) ) llon = el
for vy, va € H' (Q).
Lemma 2.4. [15] Let ¢ > 0 and let 0 < B(t) € C?(0,00) be such that
B"(t)—4(o+1)B'(t) +4(0+ 1) B(t) > 0.
If B'(0) > r.B(0) + ko, then
B/(t) > ko,

fort >0, where kg is a constant, v, :==2 (0 + 1) —2y/(0+ 1) 0 is the smallest

root of the equation
r? —4(o+1)r+4(o+1)=0.

Lemma 2.5. [15] If M(t) is a non-increasing function on [t.,o0), t. > 0,

and satisfies
M#)?2>v+RM@t)* e, fort>t, v>0,
where R is a real number, then
i, MO =0

for some Tup < 00. An upper bound of Tae 1S given in the following cases:

1/2
(i) When R < 0 and M (t,) < min {1, (%) } , then

(&)"




(ii) When R =0, then

M(t,)
Tmamgt*"i_ .
NI
(iii) When R > 0, then
Tmaas<M(t*>7
p— ﬁ
or
?)g——i—lgy QL R\ /210
Toaw <t +2 20 EL 11 (1xyM@E)N20 |, ~=(2 .
<tz 20 Gl | = (7)

Our results need some assumptions:
(H;) We assume that K € C'(R,,R,) satisfies

K'(#) <0, K'(t) > 0, K = / K(o)do < 72, t > 0.
0
(H3) The exponent p satisfies

4(N -1

4<p, it N=1,2; 4<p§¥, if N > 3.
N -2

3. Existence and uniqueness

The existence and uniqueness of the weak solution of problem — is
obtained using the Faedo—Galerkin method.

3.1. Existence
Theorem 3.1. Let p(x) € HL(Q), w(z) € HY(Q) and YT (x) € L*(2). Under
(Hy) — (Hy), there is at least one generalized solution of (1) — (3]) in V(Qr).

Proof. Let {4i(x)},5, be an orthonormal basis of Hj(§2). We look for an

approximating solution

VO a,1) = 3 Giyula), (©)



with
Gi(t) = (¢l(x),v(“)(P))2, l=1,..k.

They can be found, for k£ =1, ..., k, via the relations

<v§f,;), wk(x)>2 + (vff), wk(:c)>2 + (Vv(”), Vzbk(a:))Q +b <Vvt(“), Vg, (x)>2

_(/DtIC(t—s)Vv(”)(S)dS,VW(x)) = (lo ™[ o0, vk (@)

9 2

System @ is supplemented with initial conditions

Gi(0) = (¢, (), G1(0) = (Y1, w (2))y, GI(t) = (v, (),

Carathéodory theorem [2] ensures the existence of solutions Gy(t), [ = 1, ..., K,
for t € [0,t). In order to prolong the solution on [0, 7] some bounds for v(*)

independent of x are needed.

Set
K K 2 K 2 K 2
(1) 1= o0y + 7O 0 + [0 O (®)
For, we have
(v .00 ®)  +a (o0 0),
2 (k) *) (r) ()
+e (w (t), Vo (t))mTer(Vvt (1), Vo (t))m
t
- ( / Kt — s)Vo (s)ds, Vol (t)>
0 2,0,
_ (k) [P72 () (r)
_ (}U 772 0 (1), of (t))m. 9)

(7)



Now, we evaluate each term of @ integrating by parts, we get
LA Kxgd§>uvvaTﬂﬁ4-%vaxfn@
+ % (Ko Vo) (7)

2
o+ 5 [+ (v © 0 )

(“)(t)Hz dt + /OT

(IC’ o Vo)) (t) dt — %/OT K(t)||[Vo®(¢) 2
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o0 o) ), (10)

where
¢
(Ko Vo) (t) = / / Kt —s) ’VU(”)P — Vo (z, s)|2 dsd.
0

Using e-Young’s inequality with ¢ = v;, we obtain

K 1 .

5 1Ol = 55 10O, < (0,0 @), ()
It holds . _ ,

(v 0.7(), < S |loi O + 5 [ 0| (12)

Using Cauchy-Schwarz inequality, Young’s inequality, the embedding H'(€) —
L2P=D(Q), and (8)), we obtain

(Rl CIORLI0

< Cr @O + oy @W@flﬁ+/zwwﬁ.ua
0



Using inequalities - into , we obtain

> —K . > (a1 . 2
E B ool + (5 - o5 ) 1ol

V 1
- ?1 | Us_’:_)(T)”z +3 (K o Vo) (1)

2
Cr[[o @57 + 5 [V O]

(a+1) +1
2 2 2

+ Cr /T (=™ ()" dt+2/T 20 () dt. (14)

IN

2

v (0)

2
o (0)

2

For, multiplying each equation of by G%(t), add them up from 1 to m

and then integrate on (0,7), 7 < T, we obtain

(o0 ®),  +a (o 0.000)

+ (Ve Vo), b (Ve (1), Vol )

2,0,

B (/OtIC(t—s)W(“) (s) ds,Vvt(f)(t))mT

K —2 K K
R Gl RIO A G I (15)



An integration by parts leads to
& (Vo (), Vol (7)), + 5 [V ()

—i——(—lC'OVv“)(T)—l—l

+ 5D o) 2

o (r

)5 2@,

- /ICT—S VU (),Vvﬁ")(T))st

(WW(O), wi“)(O))2 + g Hwt(*”")(()) H2

2

= ||V

O]+

1 :‘f ! K
e (O)H +—/ K1) |[Vo® )| dt

+ / va D) dt - a/T o at
t tt
0

_ 5/ (K" o Vol )( dt+<’v | 2 (s (1), v g:)(t)>2797. (16)

0

Young’s inequality with ¢ = ¢, allows to get

S22 () - 2%2 Vo (1), < & (Vo™ (r), Vol (7)), .  (17)

9

Using Young’s inequality with € = 15, and — fo o)do > —K, we obtain

K 2 ’19 . ,C . 9
N va( )(7')H2—72(ICOVU( ) (T)—0—2||VU7(_)(7-)”2
= _/ K(r = 5) (Vo'(s), Vo (r)s ds. (18)
0
It holds

2, ‘Vvt”)(o)Hz. (19)

& (Vo (0), Ve (0), < 5 Ve (O) 3 + 5 |

Using Cauchy-Schwarz inequality, Young’s inequality, H'(Q) «— L2P=1((Q),
and , we obtain

(\Um)‘f?? 9 (1), o) >

< O™ (0 ||2p ”+OT/ dt+/72(“)(t)dt. (20)
0



Combining inequalities — with , we obtain

v K) 2 K
S gl + (5 - o - 5 ) IVl

Uy

¥ %Hv@ s - </Cow ) )

HQ(IJ 1)

IN

Cr [[o™(0 HW(”) 0l

+ CT/T (=) dt—l—(c +1 )/ 29 (t) dt. (21)

b)
R A H \

Multiplying by A1, by A2 and making use of the following inequalities

o< [ =@+ o0

2
2

I

a1 HVU(H)(T)Hz <o /T E(“)(t) dt + o ||Vv(””)(0) 2
0

and .
2 K
o [ < 0z [ EO Wt + o7 O)] .
0
where o (24 R ) N
+ 2(c"+2
alzw>07 02:M>0’
2 5
A1 1
=— >0, 9 — >0,
0z = g5 >0, B = g5 >0,

10



we obtain

. s M (2—K . 2 )\a . 2
o ><r>>|2+M||w>T>n2 M 0]

2

I+ H o)

2 v )

O+ e+

Ao b) 2 A+ A
C+ +(1+2)

2
H;p !

o2 0)|

v o o)

+ M+ )\2 Cr HU
+ 03/ S (t) dt+(A1+>\2)CT/ (E(“)(t))p_l dt,
0 0

where
¢, _ A+ )\Q(IC(S) + %) + 204 -0,
A 1 +2
Cy : = 1(a+2)+ CY2>0,
03 : :2)\1+)\2(02+1)+1+061+052>0.
We have
K K 2 K 2 K 1)
SO < w (Hv( Oy + [y + [ O+ o)1 )
+ w/ 2 (¢) dt+w/ (S® ()" dt, (22)
0 0

where

W max{l, Cl, 02, )\2(02 + b)/2, ()\1 + )\2)/2, ()\1 + )\Q)CT7 03} -0
' min {1, A1 (2 = K) /2, \ia/2, Ab/4, \2/4} '

By solving and then integrating on (0, 7), we obtain

! K 2 2 1
| ><t>dt§wT(uv<o>uH5<m+Hmowmw AP0 + N2 >)
We deduce from that

(k) (r) H2 = |17
[V @1 0y + |27 ) e (t) .
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Whereupon, the sequence {v(”)}pl C V(Qr) is bounded; so, a subsequence
(with the same notation) can be extracted that converges weakly in V()
to v(P). Let us show that v(P) is a generalized solution of (1) — (3)). Since
Hli_r)rloo HU(“)(P) - U(P)”Q?QT = 0 and Hli_1r)nOO HU(“)(QC,O) - g&(x)HQQ = 0, then
v(z,0) = ¢(z). Now to prove (f]), we multiply each of the relations by a
function W;(¢t) € W3 (0,T), ¥,(T) = 0, then add up the obtained equalities

ranging from [ = 1 to [ = &, and integrate on (0,T). If we set ¢(®) :=
=k

U (t)y(x), then we have

i=1

- (v @0.07®),  —a (v m.00m),

s eT 8 eT

+ (Vo Ve (1)), + 8 (Ve Vo (1),
_ ( / Kt — V09 (5)ds, Vo (t))
0 2.Qp

= a(10.690), + (470,67 0),
+ ([P ), 60 )

Since

— (/o Kt —s) (Vv(”)(s) — Vu(s)) ds, ng"%t))2Q

sup (K(t)) T

< 2T V0], V000 = V00,
and
Jim (o™ (t) = 0(®)[ 1, = 0.
then,
im K(t —s)Vu" (s)ds, Vo~ — K(t —s)Vu(s)ds =0.

Jin | ([ ke-sv <wuv¢a0ﬂh ([ e >v<>dxw@)mj 0

As the function z — |2["7* z is continuous,
}v(”)‘pﬁ v¥) () — [P 0(t), and a.e. in Q. (23)

12



Also,
[l p=2 o)

2,97

<, (24)

for some constant C. Using [[16], Lemma 1.3], it follows from and
that

(W06 ) )

—2
von (W~ (1), o(t) )27Q ,as kK — 00.

=k
Hence, the limit v satisfies (5)) for every ¢ (P) := > W;()w(z). We denote
i=1

=k
by Q, all functions of the form ¢®)(P) := S W(t)yy (x), with ¥;(t) €

=1
W3(0,7),9,(T) =0. As 2, Q. C W(Qr) is dense, then (5) holds for all
u € W (Qr). Hence, v(P) is a generalized solution, in V (£27), of problem

W -@- 0

3.2. Uniqueness
Theorem 3.2. Under (H;) — (Hy), problem (1) — admits, in V(Qr), a

unique generalized solution.

Proof. Assume that vi,ve € V () are two different solutions of - .

Then v := v; — v, solves
t
Vg + vy, — 2 ov — bAw, +/ K(t—s)Av(o)do = \vl\p*2 vy — |v2\p72 Vg, (25)
0
v (z,0) = v (2,0) = vy (2,0) =0,
v(P)=0, PedQx(0,T).

So,

vir(t); we(t)) 2y — @ (01(1), wi(t))5
Vo(t), Vu(t))y o, +b(Ver(t), V ())mT

¢
- / K(t — s)Vuv (s)ds, Vu(t
0

+

= (loa"2 0a(t) — a2 wa(t) ,u>m (26)

e

13



Define the function u(P) by
u(P) := (27)

It holds uw € W(Qr) and u:(P) = —v(P), 0 < t < 7. Integration by parts

allows to write
5 [o(7)l3 + (ve(7), 0(7)), + 5 IV (0)]13
= (/ K(t — s)Vu(s)ds, Vu(t ))

[ ol - / IV e)13

b (oo — el )y (28)
We set
2(t) = v 0 + e 0y + loa®ll; + VIR (29)
where .
J(P) ::/ v (z,s)ds. (30)
0

Using and , we get
u(P) =9 (z,7) —9(P), Vu(z,0)=Vi(x,71),

and
/O V@) dt < 20 [ V()2 +2 / IVo@IZd (1)
Using and , we get
[ oz ar <5 [ s (32
It holds .
e () = 5 R < (el vl (33)

14



Cauchy-Schwarz inequality, and , lead to

( /0 Kt 5)Vu(s)ds, vu(t))m

< sk (?T +4/072(t)dt+7||V19(r)||§.

(34)

Using Cauchy-Schwarz inequality, Lemma 2.3, , and , we obtain

(o] o = Joa w2, ),
T 2 T2 T
< C’T/ Sy dt+ ¢ +2 )/ (1) dt.
0 0
Combining —, and , results in
2

<a;”Hwﬂ@—§wqﬂ@+(%—¢)WWVW3
sup(K2(t))T? + 12 + 277

< /OT(E(t))pl dt + ; /0 () ds.

Now, multiplying by v, then integrating over €1, , we get

% (cz - /OTIC(s)ds) Ve I3 + 5 e (7)1

+ (Ve (1), 02(7) )y + (’COW)( )

:—w/rw%|uﬁ+/uw I

+ 2/0 OCOVU)()dS_E/O ()va( )||§ds
+ (|'U1|p*2 vi(t) = |vof” ™ Uz(t)’vt(t))ZQT ,

It holds
1

S o) = g eI < (0 ()0, (7))

Using Cauchy-Schwarz inequality, Lemma 2.3 and , we obtain

T 3 T
<|v1|pf2 vy — |va P U27Ut)2Q < C’T/ (2(s))P ! ds + 5/ ¥(s) ds.
e 0 0

15
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Inequalities and in allow to write
(02 — /C) o} 1
v+ (5 - 55 ) el
0 1
- 5 [0 (7 )5 + 5 (KoVu)(r)
< C’T/ (S(s))"! ds+g/ ¥ (s) ds. (40)
0 0

Clearly, we have

& (Vo(r), Vo (), + 5 [Ver(r)

K(r 1 , 1
+ B @l 4 4 (Ko Ve (7) ¢ e ()
— / K (1t —0)(Vu(o),Vu. (7)), do
0
1 T , T
= 3| KOV s [ 1vuol; a
— / v (B3 dt — —/ (K" o V) (s)ds
0
+ ([ oa () = Joof" 7 0a(t), 0u(t) ) o, - (41)
It holds,
794C 2 c? 2 2
— = V@l = 55 IV (s < 2 (Vu(r), Ver(7)), - (42)
Appealing to Young’s inequality with ¢ = )5 and using — fo ) ds > —K,
we get
19 v K
- IVoOIE = 5 (e Vo) () = = [IVe ()13
< —/ h (T —s)(Vu(s), Vu.(1)), ds. (43)
0

Using Cauchy-Schwarz inequality, Lemma 2.3, and , we obtain

_ _ [T _ 3 (7
(O 2U27Utt)QQT < C'T/ (2(s))" " ds + 5/ Y(s)ds. (44)
) 0 0

16



Combining inequalities — in , we get

19402 ’&5’6 2 ﬁ C2 IC 2
(% + ) 19+ (5 - 5 - 5 ) IVl

1 2 195
+ 5l (DI = 5o Vo) (7)
< c /0 (3 (5))"" ds+@ /0 5(s) ds. (45)

Multiplying by A3, by A4, by A5, and using the following

inequalities

ullo(r)l} < o [ £)ds,
0

s [Vu(rl < as | S(s)ds.
0

and -
oI < s [ S(s)as.
0
where
2 — 2
oy = ﬁ >0, a5 = A5 (Vac” + U5k >0, V4= 3i > 0,
2 2
A3\ X 6KC
Qg = 5 +2193 > 0, 193—195—2)\4— ﬁ > 0,
we get
A3 ) A (2= K) , 5 Asb )
el + RSV + 2 o (1) + 2 Vo)
A A A3 (2 —27)
£ 2 o (I + 5 (o Vo) (1) + 22 o)
< (As+ A+ A5) C{p/ (2(s))" " ds + C’g,/ Y(s)ds, (46)
0 0
where

Cs =Ci+ay+ a5+ ag > 0.

17



Since 7 is arbitrary, we assume that ¢ — 27 > 0; thus inequality takes

the form . .
»(r) < w’/ (2(s))""" ds —i—w’/ ¥(s)ds, (47)
0 0
where

w, — max{()\g + )\4 + )\5) Cf_/z", 05} < 0.

, {x\ga M (A =K) Ma Ash As A (CQ—T)}
min _—

2’ 2 27647 2
Then, solving (see [18]), we obtain

02
o g + ey + lore (IE 4 I90IE <0, 7 0.5 .
(N—1)c* N
2 T2
on [0, 7. O

Similarly, for 7 € { } to cover [0, 7], one shows that v = 0

4. Blowing-up Solutions

Definition 4.1. A blowing-up solution u of problem — 1S a solution
that exists till a finite time T,.. such that

lim  [[Vo(t)]|, = oo. (48)

*dmax

The energy of problem — is
- k 2 @ 2 2
2@t) = 5 ol + 5 [oelly + (vee, v1), 4 ke” (Vo, Vo),

kB k , k
F Va5 (K 0 90) (1) + SK() Vol
1 t t
+§ (02 —/ K (o) da) HVUH; — k/ K (t—s)(Vu(o), Vul(t)), do
0 0
1 1
+3 (KoVu)(t) — p [l (49)
where the constant k satisfies
5

1
—<l<k<—. 50
« 2c2 (50)

18



Lemma 4.2. Let u be a solution of problem (1) — (3), then on [0,1)
=) = (1—ka) llull; + (ke = 8) [ Voells
k 1
-3 (K" o V) (t) + 5 (Ko Vo) (t)

ko 1
£ K@ IVl - 5K 9003 (51)

< 0.

Proof. Multiplying equation of by v; + kv, and integrating by parts, we

obtain . ]
Remark 4.3. Integrating over (0,t), it comes

) = 2O)+0=ka) [ onel} dor+ (k= 5) [ 190l do

[1]

t 1 t
— E/ (K" o Vo) (o) do + —/ (K'o Vo) (0) do
2 Jo 2 Jo
k ! / 2 1 ! 2
+ 5 i K' (o) || V|5 do — 3 i K (o) [|Vv]; do. (52)
For a solution v of — , we let
U(t) := Wy(t) + Wy(t), (53)
where
T
\Ill(t) L= (’Ut,'U>2 +/O %(2}3,@)2 ds

ds

#1000 0,0 Ol + (T =0) [ | [0

ds

T
! d
S0l +a =0 [ i),

t 3 t 3 T
S [iweizas =3 [ s+ [l as
0 0 0

t S T
Wy(t) - :kl/o/o ||Vv|\§duds+k1(T—t)/0 Vo3 ds

and

t S T
+k2// ||Vvu||§d,uds+k2(T—t)/ Vs[5 ds,
0 0 0

19



ki1 > 0, ks > 0 are constants.
Lemma 4.4. Suppose that the hypotheses (Hy) — (Hg) hold and

_ —2
K< MCQ <, (54)
p—1)"+1

then we have
2ol + 2 [ 190l ds - = 0) < 90 (59
Proof. Form (53] and using the solution v of problem — , we get
V() = (k=) Vol +a ol + ke [ Vo5
+ HvHﬁ + /Ot K(t —s) (Vu(s), Vu(t)), ds. (56)
Multiplying Eq. by p and summing up in, we obtain

- k !
V() = p=0)+ 5 ol +plka—1) [ ol

t
pQ
+p(8 k) [ 100l s+ (o B) ol
0

# (ko 2252 ([t as) ) vl

k
(ke + 257 ) 19018 4 p v 00,

+pke (Vo, Vuy), + g (K o Vo) (1)
+ /OtIC(t ) (Vo(s), Vo(t)), ds
ok /Ot K(t — 5) (Vo(s), Vou(t)), ds
PR 90l + 2 (K 0 T0) (1)

t k t
B [ 1wl as =B [ Vel as
0 0

N |3

/0 (Ko V) (s)ds + p?k/o (K" oVv)(s)ds.  (57)
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Young’s inequality with € = k, allows to write get

pk 2 p 2
p (o we)y 2 =25 ol = 2 il (59)
It holds o2 o2
pKC pKC
phe (Vo, V), = =20 |[vo) - 5 | wu 2. (59)

Young’s inequality, with ¢ = g, allows to get

/0 Kt —o)(Vu(o),Vo(t)), do

> (1—%) (/Oth(s) ds) Vel -2 (kove) (). (60)

Using — [, K(s) ds > —c?, we obtain

—pk/o K(t —s) (Vu(s), Vu(t)), ds

pkc?
2

1
. _gmovv)@_pk(k+§)czuwtn§— Ivol2. (61)

Combining inequalities — into and using , , we get
V(1) — (ki — phe®) || Voll3

t
> —p=(0)+p (5 — kc2) / HVUSHE ds + (kg —kaCZ) HVthZ.
0

Let ki := pkc?® + p?ﬁ and ky := pk?c?, then, for p > 4, 1) is obtained. [

Lemma 4.5. Suppose (H,) — (Hs) and hold and that either one of the
following condition is satisfied

(i) 2(0) <0,

(ii) =Z(0) =0, and

v'(0) > g 170 ()15 + 1 (ver (0) , 0 (0))y] + | (ve (0), v (0)),] (62)

21



(iii) Z(0) > 0 and

V() > . [U(0)+ ko]
v DIve o)+

(%m%ﬁwhmﬂ+&me%M®M7@$

where
_p—+/plp—4)
Ty i = 5 )
and 5
ko 1= 5 [IVo(B)ll; + (D), v()o] + o (wi(®), v ()] + 2(1). (64)
Then

v'(t) >

IR

IV 05 + [(0re(8), v(8))a] + a[(ve(t), 0(0))] (65)

£ = max {0, p:L(O)} , (66)

fort >t,, and

where we have set
s
A= (0) = S Ve (0) 5 = (v (0), v (0)),] = | (v1 (0) 0 (0)),]
and t.=1t* in case (i) and t, =0 in case (ii) and (iii).

Proof. (i) If 2(0) < 0, then —p=(t) > 0.

Using , we get
v(t) = —p=

[1
—~
~
~—
—~
D
|
~—

whereupon

Then is written

V(1) > 5 [IVo(0)[l3 + [(vie(0), v(0))a] + o[ (v (0), v(0) )|

™

(214 90 = F V001 = [ 0) 0] = a (0(0) o0l )
(69)
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Let

w(0) — g IVo(0)[13 — (v (0), 0(0))2] — v |(:(0), v(0))e]

t> — 70
- p=(0) (70)
Substituting into , using the definition of t* given in , we obtain
directly .
(ii) If =(0) = 0, then using (57]), we obtain
U (t) >0, t > 0; (71)
whereupon
w'(t) — ¥’ (0) > 0. (72)
Then is written in form
s
V() = S IV (015 + [(0(0), 0(0))2] + e [(v:(0), v(0)), |

+ {0 = F IV - [a(0). o0l = al(w(0)o(0)al} . (73

Furthermore, if holds, hence we obtain for t > 0.
(iii) When Z(0) > 0, making use of (53)), we get

V() - glle(O)llg—I(vtt(O),v(O))zl—Oz|(vt(0),v(0))zl

S CAURICINEY (P CWON
b D19l = S0 )3 + o (w00,
~ ol (.00 —a [Tl ds (74)
Using .
(), = (0 0.0 Oy = [ | T lvonl| ds <0 (7
and Tl
(o), = al(wr (0) 0O)| —a [ | Zlwonds<0 (70
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into ([74)), we obtain

v(t) - gIIW(O)H;—I(vtt(O),v(O)bl—al(vt(O),v(O)bl

W(t) + 5 el

p(Y(t) = w(t) - %ﬁ 170 (0)[13 = 2 |(v2t (0) v (0)),] = pe|(we (0) v (0)),
22 ol (77)
Using , we get

220l < (1) + p2(0). (78)
Using into ([77)), we get

p(¥'(t) —¥(t) — %ﬁHW(O)H;—p\(vtt(o),v(o))zl—pal(vt(o),v(o))zl
< W(t) + p=(0).

Then
(t) — pP'(t) + pU(t) + pko > 0,

where kg is defined in ([64]).
Let
B(t) := U(t) + ko,

then B'(t) = V'(t), B"(t) = V" (t), and B(t) satisfies

B"(t) —pB'(t) + pB(t) > 0. (79)
Therefore, using Lemma, 2.4 in and (63), is obtained. O

Theorem 4.6. Suppose that the hypotheses (Hy) — (Hy) and hold and
that either one of the following conditions is satisfied

(i) 2(0) <0,

(ii) 2(0) =0 and holds,
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v
(572 G)

0= (pi‘) (9(6) =5 IV 0) 1w 0), o(0))ol = (2(0), (0D ) A2,

(iii) 0 < Z(0) <

where

4

and holds. Then the solution v blows-up at finite time T™.
In case (i),

A(ty)
T <t,—
- N
J o\ /2
Furthermore, when A (t.) < min {1, (—5) } , then
U\ 12
v, ()
! <t*+¢—_ﬁln( v >1/2 A(ty)
-3 *
In case (ii)
A (ty)
T <t, — :
=t M)
or AL
T <ty =
=R
In case (iii)
s A (to)
or Lot
Tmaar: <t + 3£+1 /2 1 + CA ) )

where ¢ := (8/p)"*0 | ¢ = (p —4)/4, and A(t), p and B are given here

after in , and , respectively.

Note that in case (i), t. = t* is given in and t, = 0 in case (ii) and
(iii).
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Proof. Let
AW = = (W) + (= 05 V0O + (T~ 1) (2 (0), v (O
HT = 0)1(0(0),w(0))]) (50)
It holds
N(O) =~ () = 5 IT00)1 = [wu0), o0l = [((0),v0)] ).

Then
A(t) = —EA(8)'TEQ(1), (81)

for
QW) = = v (ut) + (T - 1) Vo)
T = 1) (00(0). 0(0))el + (7~ 1) |(1(0). v(0))s] )
1+ (V1) ~ 2 IV00)] ~ [(vu(0),0(0))a
~ [ 0), v (0))e] ) (52)

From ((53)), we have

) + (- t)§ IV0(0)[13 + (T — 1) (vt (0), v(0) e
(T = 1) [(v:(0), v(0))2]

8 [ 2
5 [ 19l s (83)

v+ +

and from (55)), we have

" —_ pﬁ ! 2
v (t) > —p:(O) + 03 HVUSHQ ds. (84)
0
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From (53)), we get

v(t) - g IV (0)]I3 — (vee (0) , 0 (0)),] — | (ve (0) , v (0)),

< () — (v (0) 0 (0)),] - / s

d
d_S |(USS; U>2|

s s
+ 2 VelE = S IVeO)l3 + a (v,0),

ds.

~ ol @0 ) —a [ 510

Using and , and

B 2 P 2 !
5 Vel = 5 IVe()l; = B/O (Vu(s), Vus(s)), ds,

we get
v'(t) - g IV (0)115 — [(vee (0) , 0 (0))s] — | (ve (0) v (0)),

< 5/0 (Vv (s), Vg (s)), ds.

Then

(¥ = S I¥0 O = (0 00 O] = (0 0) 0 O] (55

2

< 4(§/Ot(VU(S),Vvs(S))2dS) |

Multiplying by —(1+ &), we obtain
= @ (VO - IV - [(0). 00 - al(w(0),v0)e])

> —4(1+¢) <§ /Ot(W(S),Ws(S))z d8>2- (86)
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Substituting , and into , we get
QW = —=0)(¥(0) + (T - 05 [)?
(T =) [(ve(0), v(0))o] + (T = 1) [(ve(0), U(O))2|>

w5 [ 1vetias) (5 [ r|wn2ds)

—4(1+g) (§/ <w<>,ws<>>2ds> .

Let us set

Then, we have

Q(t) = —pE(0)A(t) ¢ + p(AC — B?).

(87)
Observe that, for all p,n € R and ¢t > 0,

Ap® + 2Bpn + Cn?

6 t t

75 [ 19l s+ 5pn [ (T0(5). Vo), ds
0 0

t

+ §772/ V|3 ds.

0

Whereupon

t
Ap® +2Bpn + Cn? = g/ 1oV + nVu,l|5 ds > 0.
0

Consequently,

B*—AC < 0.
Hence, thanks to ,

(88)



Therefore, using (88) and (81]), we get

N'(t) < (@ - 1) S(0)A[) 'S, t > ¢, (89)

Note that by Lemma 4.5, A’(t) < 0 for ¢t > t,. We have
A (N (t) > (@ — 1) SO)AN (@) M@, t>¢.  (90)
Integrating on (t.,t), it comes
/t A (5) N (s)ds > <(p _42)2 _ 1) =(0) /t N(s)A(s) T Eds.  (91)
s t
By using in , we obtain
1

[ wnsias - §A’2(t)—%(p%4>2{‘11/(t*)—gHVU(O)Hi?(Q)

t

We also have

t t
: Wi _ 1 iy mn
/t*A(s)A(s) tds = /t*2 - [A(s> s ]ds
26+

Therefore,
(v - 2" _ 1) =0) [ N(s)A(s)Eds
_ (@ —42) _ 1) (% _ ﬁ) Z(0)A(1)*e
([ —42) _ 1) G _ 1%2) S(0)A () . (93)



By substituting and in , it comes

w5 (70 e - S1vvoli

_ ‘(Utt([)),v(o)) ‘ — Oz‘ Vg t),v( )) ” (t*)2+§

and
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